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Bai giang Giai tich 2

LOI NOI PAU

Giai tich 2 1a phan kién thirc todn hoc tiép ndi chuong trinh Giai tich 1
danh cho sinh vién dai hoc Su pham Toan nam thir Nhat.

No6i dung va cac chuong muc cua bai giang nay dugc bi€n soan trong
pham vi 02 tin chi va theo sat chuong trinh da quy dinh cta Bo Gido duc & Dao
tao va cua Truong Pai hoc Pham Van Déng.

Noi dung “ Bai giang Giai tich 2 gdm 3 chuong:

Chuong 1. Nguyén ham va tich phan khong xac dinh

Chuong 2. Tich phan x&c dinh

Chuong 3. Chudi s6 va chudi ham

Bai gidng da trinh bay nhitng nd1 dung can ban nhu sau:

Cac khai niém co ban vé nguyén ham va tich phan khong xac dinh; Tich
phan xac dinh va mot s6 tng dung ciia tich phan xac dinh. Trong phan tich phan
xac dinh c6 kién thirc mdi 13 Tich phan suy rong voi can vo han va tich phan suy
rong voi can hiru han. Mgt phﬁn kién thirc kha hép dan va mai d6i vai sinh vién
13 Chudi s6 va chudi ham.

Pic biét, sau mdi chuong c6 phan bai tap rat phong phu dé sinh
vién cting ¢6 kién thic va rén luyén k¥ ning tinh toan.

Bai giang Giai tich 2 c6 nhiéu kién thirc mdi, hay nhung ciing khé phirc
tap. Do d6, sinh vién phai tip trung nd luc hét strc dé tiép thu cac khai niém,
dinh nghia va ndm chic cic cong thirc, phuong phap cua timg ndi dung va van
dung tinh toan mot cach thanh thao nhdm mang lai nhitng két qua tot dep.

Kinh nghiém cho thdy rang, néu sinh vién ndo khéng hiéu day du cic quy
tic suy ludn logic, khong nim vitng cic cong thic toan hoc thi gip nhiéu kho
khin trong tiép thu bai hoc cling nhu van dung vao viéc giai bai tap.

Bai giang da gidi thiéu cac vi du minh hoa that don gian, d& hiéu gitp
ngudi hoc dé dang tiép can voi khoi luong kién thirc kha hdp dan va thd vi cua
ting chuong. Chung t61 hy vong rang “Bai giang Gidi tich 2 1a mot tai li¢u hoc
tap bd ich cho sinh vién va 1a ngudn tu liéu phong pht cho quy Thay, Co gido
tham khao, nghién cuu.

Day la lan viét dau tién, chac chan bai giang con nhiéu thiéu so6t. Ching
to1 hét sttc chan thanh cam on sy gop y, nhan xét cua ban doc vé nhi€éu phuong
di¢n dé ndi dung bai giang ngay cang dugc tot hon.

Tac gia
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Bai giang Giai tich 2

CHUONG 1. i )

NGUYEN HAM VA TiCH PHAN KHONG XAC PINH
Bai 1.
NGUYEN HAM VA TiCH PHAN KHONG XAC PINH

1.1 NGUYEN HAM

1.1.1 Pinh nghia. Cho ham s f(x) xac dinh trong (a,b).

Néu ton tai ham sd F(x) thoa min F’(x) = f(X); Xe(a,b), thi F(x) goi 1a nguyén
ham cua f(X) trong (a,b), néu c6 thém F’(a+0) =f(a); F’(b-0) =f(b) thi ta noi
F(x) 1a nguyén ham cua ham f(x) trén doan [a,b].

Vidu 1.1
1) F(X) = sinx - 2 1a nguyén ham cua f(X) = cosx; VXxeR.
Vi F’(x) = (sinx - 2)'= cosx = f(X).
ii) F(x) = x>+3 1a nguyén ham cua f(x) = 5x*; VxeR.
Vi F’(x) = (x°+3) = 5x*= f(X).

1.1.2 Céc dinh 1y vé nguyén ham
Pinh 1y 1.1 Néu ham f(x) lién tuc trén [a,b] thi nd c6 nguyén ham trén [a,b]
Pinh ly 1.2

i) Néu F(x) 12 nguyén ham cua f(X) trén [a,b] thi F(x) + C; vé6i C 13 hang
s6 tuy ¥, cling 1a nguyén ham cua f(x) trén [a,b].

ii) Néu F(x); G(x) 1a hai nguyén ham ndo dé cua f(x) trén [a,b] thi 3CeR
sao cho G(x) = F(x) + C; Vxe[a,b]. Hay ndi cach khac: Moi nguyén ham cua
f(x) déu co6 dang F(x) + C.

Chirng minh:

i) Vi F(x) la nguyén ham cua f{x) nén F’(x) = AX)
= (F(x) +C)’ =F’(x) +(C)’ = AX) = F(x) + C la nguyén ham cua AX)

i) Taco [G(X) - Fx)] =G’(x) - F'(x) = AX) - AX) =0, vke[a,b] nén 7
Ce Rsao cho G(x) - F(x) = C = G(x) = F(x) +C.

1.2 PINH NGHIA TiCH PHAN KHONG XAC PINH

1.2.1 Pinh nghia: Néu F(x) 1d mdt nguyén ham cua f(X) trong (a,b) hay
trén [a,b] thi biéu thic F(x) + C; C 14 hang s6 tuy y, duoc goi 1a tich phan khdng
Xac dinh cta f(x) trong (a,b) hay trén [a,b].

Ki hiéu: _[ f (x)dx.

Vay: [ f9dx=F(+C.
+Déu | dugc goi 14 ddu tich phan.

+ f(x) duoc goi 13 ham duéi dau tich phan.
+ f(x)dx dugc goi 1a biéu thic dudi diu tich phan.
+ x goi 14 bién sb tich phan.
1.2.2 Cac vi du
Vidu 1.2

6
a) ijdx:%+C b) J.sin xdx = —cosx+C
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Bai giang Giai tich 2

Vi du 1.3 Cho f(x):{of x<0
X, x>0
0; x<0
= [f(x)dx =12
‘[ (x)elx X—+C; x>0
X

1.3 CAC TINH CHAT CUA TiCH PHAN KHONG XAC PINH
1.3.1 Tinh chat 1.

a) |[ f(0dx] = F(x) b) dl[ f (x)ax|= f (x)alx
1.3.2 Tinh chét 2.
_[dF(x) :jF'(x)dx: F(x)+C
Chirng minh.
Ta co:
dF(x) = F’(x)dx = f(x)dx = [dF(x) = [ F'(x)dx = [ f (x)dx = F(x) +C.
1.3.3 Tinh chat 3.
Néu f(x) c6 nguyén ham trong (a,b) thi k.f(x) ciing c6 nguyén ham trong (a,b)
voi VK € R, k=0 va:
[kt )dx = k] f (x)dx.
Chirng minh.
Gia st F(x) la nguyén ham cua AX) trong (a,b).
Khi do:
[ F00dx = F(x) +C = k[ f (x)dx = kF(x) +kC (1)
Ma [kF(x)]’ = kF’(x) = kA(x) va C la hang s6 tuy y nén C.k ciing la hang sé tuy
y Suy ra kF(x) + Ck la tich phan khdng Xac dinh ciia ham s6 k AX) trong (a,b).
Suy ra: j kf (x)dx = kF(x) +Ck (2)
Tw (1) va (2) suy ra: J.kf(x)dx = kj f (x)dx.
1.3.4 Tinh chat 4.
Néu £(X), g(x) déu c6 nguyén ham trong (a,b) thi f(x) £ g(x) cling cd nguyén
ham trong khoang do va:
[IF 00+ g0)]dx =j f(x)dxijg(x)dx .
1.3.5 Tinh chat 5.
Néu J f (x)dx= F(x) + C trong (a,b) va u 1 bién doc lap hay phy thuéc don dicu
lay gia trj trong (a,b) thi:
[ fdu=F@)+cC.
1.4 BANG CAC TICH PHAN CO BAN
1) _[adx —ax+C v6ia la hang sd.
a+l
2) J' x“dx = =

a+1
dx -1

X8 (B-Dx""

Ky &
3) _[a dx_Ina

+C voi1 o=-1;

+C (hang s6 B = 1); .f%dx= In|x|+C

+C voi0<a=#1;
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Bai giang Giai tich 2

je"“dx:£+c;a¢o; jede=eX+c.
o

4) Isin(ax +b)dx = _?1cos(ax +b)+C (a# O)jcos(ax+b)dx = %sin(ax+ b)+C (a=0)

_[tgxdx =—Injcosx|+C Icot gxdx = Insin x| +C
'[—dx j(1+tg Jdx =tgx+C '[—dx '[(1+cotg X)dx =—cotgx+C
cos® X sin’ x

X X
=arcsin— +C =-—arccos—+C,;a>0;C,,C, eR.
a

) [ e

I\/_Z =arcsinx+C, =—arccosx+C,;a>0;C,,C, eR.
1-x

dx 1 X 1 X -
j ——=—arctg —+C, =—=arccotg-=C, ; v6ia > 0.
a’+x* a a a a
_[ — =arctgx + C, =-arccotgx+C,.
1+x
+X iy
6).[ AN e ; voia>0.
a’-x* 2a |a—-x
dx I
j . 2=_| +C voia > 0.
X°—a 2a |x+a

7) J‘\/%zln‘x+\/x2+b‘+c voib = 0.

8) I\/xz +b.dx:§\/x2 +b+g.ln‘x+\/x2 +b +C‘ voib = 0.
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Bai giang Giai tich 2

Bai 2
CAC PHUONG PHAP TiNH TiCH PHAN KHONG XAC PINH

2.1 PHUONG PHAP DPOI BIEN SO
2.1.1 Déi bién s6 dang u = u(x)
Pinh ly 2.1 Néu u = u(x) c6 dao ham lién tuc ddi véi xe(a,b) va co
f(x)dx = g(u)du thi trong (a,b) ta cé:
[ f(9ax = g(uydu.
Vi du 2.1 Tinh céc tich phén sau:

a)f X b) j\/ex—ldx

Giai. a) Dat: U=+vx*+3=uU*=x*+3= 2udu = 2xdx = udu = xdx.

d) j X(x +1)" .dx

Do dé: .[ xdx :J-u.du
VX% +3
=jdu:u+C:\/x2+3+C.
b)Da}tu:\/ex—1:>u2=ex—1:2udu:exdx:>dx=@
e
Do e* =u?+1 nén dx=2uiju =2;Jﬂ.
u-+1
2
Nén j\/e——dx J- 2udu uzdu
u?+1  Ju?+1
=2|du-2
I J.u +1

=2u —2arctgu +C

=2ve* —1-2arctgve* -1+C.
ay: e’ —ldx =2ve” —1—2arctgve” —1+C.
Vay Je" 1k ~2/e" 1 - 2arcige* —1

¢) batu =e* = du = e*dx

Do d6
J_eaxdx _J‘ 2x x J-uzdu
e +1 u®+1
=|du-—

J. J.u +1
=u—arctgu +C
=e* —arctge* +C

n 3XdX
Va € =e* —arctge* +C
Y J.e2X+1 g
d)batu=x+1=du=dx;x=u-1
Do d6

[x(x+1)*dx = [ (u-Du*du
:ju“du —Julodu

ulZ ull

12 1
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Bai giang Giai tich 2

_(x+D)”  (x+D)" N

C.
12 11
12 11
Vva xx+11°.dx:(x+1) _(x+1) +C.
Ay [x(x+1) = o

2.1.2 Pdi bién dang x = @(t)
Pinh Iy 2.2 Gia sir f(x) 12 ham s6 lién tuc d6i voi x trén [a,b] va x = ¢(t) 1a ham
s6 kha vi, don diéu dbi voi t trén [o,B] va ldy gia tri trén [a,b].
Khi d6 ta co:
J f(9dx =] flp®] ' (et
Chirng minh.

Taco: ([ 1(9ax] = 100 (1) Vavi x=g(t) khd vi, don diéu nén t, =

(Dl(t)
Do do:
q f[¢(t)]'¢l(t) dt))( :(j f[(o(t)]#"(t) dt)t -t;<

=Ao®10' 0= AoW]. 0’ 0. ——=Ap®OI=/) ()

Z0)

Tw (1) va (2), ta suy ra:
[ £09dx = flp®] 9.
Vi du 2.2 Tinh céc tich phén sau:
dx

dx sin ¥/x
J1—x2 b) [——;a>0 c) [Z=2X2¢ d
) e DS e s
Giai. a) Ta thiy rang, ham sd f(x)=+1-x? lién tuc trén [-1;1].

bat x = sint voi —% <t s% (lac do x = sint kha vi, don di¢u va léy gia tri trén
[-1,1]. Ta co: x’(t) = cost
— dx = costdt;
V1+x2 =1-sin?t
=+/cos’ t =|cost| =cost ;—% <t< %
Do d6 J\/l— x2dx = _[cost.costdt

= jcosz tdt =I1+ c2052t dt

=%(J'dt + Icostht)

=£+lsin2t+c.
2 4

Vi X = sint voi —%St s% nén t = arcsinx
va lsin 2t=15int.cost=1x\/1—x2 .

4 2 2
Vay jxll—xzdx=%arcsinx+§ 1-x* +C.
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Bai giang Giai tich 2

Téng quat: Bang cach dit x = asint; —% <t s%; a>0. Taco:
2
I\/a—xzdx=%arcsin§+§\/a2—x2 +C.

a
b) Ham £(x)= | lién tyc tén khoang (- a, a)

dx
va? —x?
bat x=asint vo1 —% <t< % Ham x = asint ¢6 mién gia tri (- a,a) kha vi lién tuc

trén mién xac dinh (—%%J Ta cO dx = a.cost.dt

" dx a.cost.dt
Nén _
IW/aZ_x2 -[ a.cost
:J'dt:t+C:arssin§+C.
a
A dx . X
Va ———— =arssin—+C.
iy 2 -arssin’

. _ esin¥/x . .

c) Ham f(x) = I T lién tuc trén R\{0}

Dit x = (t) = 3. Ham x = ¢(t) kha vi, c6 gia tri trén R\{0}.
Vi x = t2 = dx = 3t3dt, nén:

sin3/x sini/t—3 )
[N gy SNV gy
:3jsint.dt
:—3cost+C:—3c053{/§+C.
H)
Viay ISIn&dx =-3cosi/x +C.
N 1 ) 9
d) Ta thay rang:; f(x)=———— lién tuc trong | ;o |.
) Ta thiy ring: 1(x)=~ - lén tye trong 510
9 t°+9 |
bat x= 5 ,(t:\/2x—9). Ta co: dx=tdt
Do d6
J‘ dx :j t.dt
XN/2X—9 t2+9 ¢
> |
dt
e
:Z.EarctgLrC
3 3
2 AJ2X-9
=—arctg +C.
3 3
dx 2 AJ2X-9
Va ———— =—arct +C.
2 Ix\/2x—9 3 g 3
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Bai giang Giai tich 2

2.2 PHUONG PHAP TiCH PHAN TUNG PHAN
Pinh Iy 2.3 Gia sir u = u(x); v = v(x) c6 dao ham lién tuc ddi véi xe(a,b). Khi
do, vdi Vxe(a,b). Ta co:
J.u(x).v'(x)dx =u(x).v(x) —jv(x).u'(x)dx .
(Viét gon ju.dv = uv—jv.du ).
Chirng minh.
Taco: (uv)’ =u’v+uv’' nén 'f(uv)'dx='|.u'vdx+juv'dx

= u= jvdu+judv (theo dinh nghia cua vi phdn).

Do vay: J' u.dv=u.v—'|'v.du
Vi du 2.3 Tinh céac tich phan sau:
a) j x.cosxdx  b) J' arct2gx dx c) I xe>dx d) j x2e¥dx
X
= du =d
Giai. 2) it =X N
dv = cosxdx v =sin X
Taco _[xcosxdx:xsin x—jsin xdx .
= Xsin x+cosx+C
Viay J.xcosxdx:xsin X+Cc0sx+C
u = arctgx du = o >
b) Pt dx =] 1FX
dV:—2 l
X V=——
X
, arctgx 1 u
Do do: dx = — = arctgx + 1
I x? x T X(1+x? @)
Ta co: | dx :j(l— XZde
X(1+x°) X 1+X
:j%_ Xdx
X 1+x°
= In|x|—%ln(1+ x*)+C
X
=In +C (2)
V1+x°
Tu (1) va (2), ta suy ra:
arctgx 1 |X|
dx =——arctgx +In +C.
I x* x 0 V1+x?

X
Vay J-arctzgx dx=—1 arctgx +In X +C.
X X V1+x?
Pt U=x du = dx
Cc)pa 1
dv =e*dx v==¢e¥
Ta co: fxe”dx _ Ly —lfee’xdx :
3 3

10
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Bai giang Giai tich 2

33X 1
Va xe¥dx = X—=|+C
Y J 3 [ 3)
U=\ du = 2x.dx
d)bat = 1,
dv = e**dx v==e>"
3
2 A3x
Ta co: .[xze“dx _X£ —gjxezxdx

. (9x* -6x+2)+C.

3x
Va x2e¥dx = ©— (9x2 —6X+2) + C..
iy | - )

Chd y 2.1 Khi tinh nhiing tich phan dang '[ f(x).g(x)dxvoi f(x), g(x) 1a nhitng
ham so cap khong cung loai ta thuong dung phuong phap tich phan ting phan
nhu sau:
a. Néu f(x) 1a ham da thirc va g(x) 1a nhitng ham thudn (nhu ham sinx, cosx;
ham mii) thi dat:

u= f(x); dv=g(x)dx.
b. Néu f(x) 13 ham da thirc va g(x) 13 nhitng ham nguoc lai (nhu ham logarit,
ham nguoc lugng giac) thi dat: u = g(x); dv = f(x)dx.
c. Néu f(x) va g(x) déu 13 cdc ham thuan thi dat:

u = f(x); dv = g(x)dx hay u = g(x); dv = f(x)dx
d. Néu f(x)=+x?+a’ hoic f(x)=+a’—x*;g(x) = 1, thi dat:

u = f(x); dv = g(x)dx = dx.

2.3 TICH PHAN CUA CAC HAM HUU TY
2.3.1 Tich phan ham hiru ty don gian

=lln|ax+b|+C;a¢O.

1

“)-[(ax+b) - k RS +C;(k #0;a=0).

2 2
. Bién doi x?+ px + q = (ng _pT-49

m) | ——
-[x2+ PX +q 4

bat u :( j chuyén tich phan vé dang: _[
2 u*+a’

B_AP
I(Ax+B)dx Bién ddi Ax+B :é( 2X+p }L 2

X? + px+q x2+px+q 2\ x2+pc+q) XP+px+q

11
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Bai giang Giai tich 2

Sau d6 dua tich phan di cho vé dang: J‘OL—U va tich phan dang iii).
Ta duoc két qua:

I(Ax+|3)dx:§In [X+£jz_p2—4q 2 (ZB—Apjarctg—(2x+ P, c.
X2+ px+q 2 2 4 Jp?—4q 2 [ p® —4q
Vidu 2.4 Tinh: I 2x+3 dx .
X* +x+1
Ta co:
2X+3 2x+1 2
2 =2 + 2 !
X“+X+1 X°+x+1 X°+x+1
Nén suy ra:
J' 22X-+—3 dX=J. 22X+1 dX+J. 2ZdX
X“+x+1 X“+Xx+1 X“+Xx+1
d(x® + x+1) 20x
:-[ X+ x+1 +I ?
1 3
X+ | +—
(r3) 2
1
1 (sz
=In(x* +x+1D) +2—arctg ~——<%+C
( ) 7 g 7
2 2
=In(x2+x+1)+£arct —(x+1j+c
3 g@ 2
A 2X+3
Vay Imdx=|n(x2+X+1)+garctg%(x+%j+C
2.3.2 Tich phan ham hiru tj dang tong quat: j 0. ( )

i) Bac Pn(x) <bac Qm(x); (n<m)
[1 Phan tich Qm(x) thanh cac nhi thirc, tam thirc hoac cac lily thiura cia
chung.
Qm(X) = (3.1X+b1)a. . .(&2X+b2)(A1X2+81X+C1)B. . .(A2X2+82X+C2)
] Phan tich:

P, (X) M, M., N
= +..+ +...+ +...
Q,(x) (a,x+b)” ax+hb a,Xx+bh,
E . +F E x+F, . Gx+H

(Aix +Bx+C,)” et Ax? +B,x +C, T A,x* +B,x+C,
Vi cac hé sd:
Mi;. .., Mo; N; Eg; Fa;. . EpiFgs. . G H
1a cac hang sb thuc chua biét.
Pé xac dinh chung, ta qui déng mau sb & vé phai, sau do dong nhat thirc 2 tir s6
& vé trai va vé phai (hodc cho x cac gia tri dac biét) dé dua dén mot hé phuong
trinh ddi v&i cac hé sd d6 (Phwong phdp ndy goi la hé s6 bat dinh).

Vidy25 1) Tinh [ xdx_
Pl(x) =X; Qg(X) = x3-1= (X-1)(X?+x+1).

Ta co:

12
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Bai giang Giai tich 2

X X
) -1 (Xx=D(X*+x+1)
A Bx+C
= +
x-1 x*+x+1
A +x+1)+ (Bx+C)(x-1)
(x=D(x* +x+1)

Suy ra:
X = A(x2 +X+1)+(Bx+C)(x-1)
‘ , = (A+B)X*+(A-B+C)x+A - C (1)
Céach 1 DBong nhat thire 2 vé cua (1) ta dugc:
A+B=0
A-B+C=1= A:—B:C:%
A-C=0

thZGmx=LmU):l=A&:A=%

Chox=0,tr(1)=>0=A-C=C=A=

Chox=-1,tr(l)=-1=A+2B-2C=

°°|'—‘le

+2B-2
3

:>B=-l.
3

x_111x—1

Do do6 = -
x°—1 3 x-1 3 x“+x+1
Suy ra: j X X = 1 dx Iox1 g
3 x 1 3 X°+x+1

x-1
Va == -Z |- dx.
24 I x-1 39x2+x+1

2x% +2x+13
(x—2)(x* +1)?
Dung phuong phap hé sb bat dinh, ta phan tich phan thirc:
2x% +2x+13
(x—2)(x* +1)°
thanh tong ctia nhitng phan thirc don gian. Ta co:
2x% +2x+13 A  Bx+C Dx+E
= + + :
(x-2)(x*+D? x-2 x%+1 (x*+1)°?
Qui dong miu sb ¢ vé phai, ddng nhat thirc hai tir sé ¢ vé phai va vé trai, ta
dugc:

2) Tinh |

(X=2)(X2+1)% x-2 x2+41 (X2 +1)?

2x% +2x+13 1 X+2 3x+4
dx=|——dx- dx—

I(X—Z)(XZ +1)? X—2 -[xz +1 I(xz +1)?

St dung céc két qua & muc i phan 2.3.2 , ta thu duoc

2x2 +2x+13 1 x+2  3x+4

Suy ra:
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I 2x% +2x+13 3-4x 1. (x—2)?

1
X J—
(x—=2)(x* +1)? 2 x2+l 2 x*+1
n
R.(Xx)

—2arctgx +C .

ii) Bac Pn(x) > bac Qm(X) ; (m<n)

Ta chia Pn(X) cho Qm(X) va phén tich )
Qn(X)

m

r0i dua vé dang da biét.

dx (Bac tir 1a 4 > bac mau 1a 3)

Vidu 2.6 Tinh I

4
. X" —2X X
Taco G X
—1 x°

Suy ra .[ J' xdx — I

2.4 TICH PHAN CUA CAC HAM LUQNG GIAC

2.4.1 Dang I R(cosx,sin x)dx (R(cosx,sinx) 1a biéu thirc hiru ty doi véi sinx,
COSX)

Phwong phap chung. Dat t =tg g

—_— 2 N
Khi do sinx=—-; U va ik 2dt2.
1+t 1+t 1+t

Bién d6i tich phan dang nay vé tich phan ham hitu ty.
Vi dy 2.7 Tinh [

sinx+1"
bat t:tg—:>dx:it2 ; sinx= 2
2 1+t 1+t2
Taco
J‘ d :j 2dt
sin x+1 2t 1+t2
+1
1+t?
=J‘ 2dt
(1+1)?
= —L+C S +C.
1+t 1+tg
Vay j_dx I +C.
sin x+1 X
1+tg—
2
Pac biét: i) Néu R(-sinx,cosx) = - R(sinx.cosx) thi dit t = cosx.
ii) Néu R(sinx,- c0sX) = - R(sinx,cosx) thi dat t = sinx.

iii) Néu R(- sinx,- cosx) = R(sinx,cosx) thi dat t = tgx.
Vidu 2.8 Tinh J'sinz x.cos® x.dx .
Taco
R(sinx,cosx) = sin?xcos®x =>R(sinx,-cosx) = sin?x(-cosx)?
= -sin?xcos3x
= -R(sinx,cosx)
Nén dat: t= sinx = dt = cosx.dx.
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Taco jsin 2 x.cos® xdx =Isin2 X.COS? X.COS X.dX
= [t @-t*)at
=j(t2—t4)dt

3 5
a3 s~ 5
_sin®x_sin®x
3 5
a3 a5
Vay jsinz x.cos® x.dx =X _sm5 Xic.

2.4.2 Dang _[ cosax.cosbx.dx; jsin ax.sin bx.dx; j cosax.sin bx.dx
Phwong phap: Bién doi cic ham dudi dau tich phan thanh tong. Chang han:

sinx.cosy = %[sin(x +y)+sin(x—y)]
COSX.COSY = %[cos(x +y)+cos(x—y)]

sinx.siny = %[cos(x —y)—cos(x+Yy)]
Vidu 2.9 Tinh J.cossx.sin 5x.dx

Ta co: cos3x.sin SX:%[sin(5x+3x) +5sin(5x — 3x)]

:lsin 8x + Esin 2X
2 2

Suy ra:
Icos3x.sin 5x.dx = j%(sin 8X + sin 2x)dx
:—1 1cos8x+lc052x +C
218 2
=—£(COS8X+COSZX]+C.
4
A . 1( cos8x
Vay Icos?;x.sm 5x.dx=—Z +co0s2x |+C.

2.4.3 Dang J' sin" x.dx; I cos" x.dx
Phwong phap: + C4ch 1: Ap dung dang i) phan dic biét.
+ Céch 2: Néu n chan (n nho) dung cong thirc ha bac:
) 1+cos2x . , 1-cos2x
Cos” X = —————isin“x = ———.
dua cos"x; sin"x vé ham luong giac ¢6 bac nho hon, hodc dung tich phin ting
phan, suy ra cong thuc truy hoi.
Vi du 2.10 Tinh cac tich phén sau:
a) jcos“ X.0x b) '[sin” xdx ; neN

1+ costj2

Gidi. a) Ta co: cos* x = (cos’ x)* =[ ;

= %(1+ 2C0S2X + C0S’ 2X)
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:£+lc052x+1(cos4x+1)
4 2 8
:§+lc052x+1cos4x
Suy ra jcos“ x.dx = I[g + 1cost + 1cos4xjdx
8 2 8
:§x+lsin2x+isin4x+c.
8 4 32

Vay jcos4 xdx = S x +Lsin 2%+ —~sin 4x + C..
8 4 32

b) Ta co: J.s,inn x.dx:J.sin‘”‘l) x.sinxdx =1,

0 (n-1) i (n-2)
9 u=sin X du=(n-21).sin X.CO0s x.dx
Dat . = (=1
dv =sin x.dx V =—C0SX
Do d6 I =—cosx.sin™™® x +(n —1)jsin ("2 x.cos? x.dx

=—cosx.sin™™® x+(n —1)jsin ("2 %, (1 —sin? x)dx
=—cosx.sin™™® x + (n —1)jsin ("2 x —sin" x)dx
=—cosx.sin" x+(n-1I _, - (n —1)In .
Suy ra cong thtc truy hoi: n.l,+@-n)l,_, =—cosx.sin"
voi I, , = Jsm x.dXx .
2.5 TICH PHAN CUA CAC HAM VO TY
Cac ham s6 vo ty c6 thé bién thanh cac ham hitu ty voi bién 86 mdi t=w(X) phu
hop. Sau day ta xét tich phén bat dinh cuia mot s6 16p ham co6 thé hiru ty hoa
bang cach trén.
2.5.1 Dang ham J‘R(x,q/::Jrs de, trong d6 R 1a mot ham hiru ty
+

Phwong phap: Str dung phuong phap doi bién.

Pit t= o) = o 20
cx+d
, ; dx
Vidu2.11 Tinh A= .
3(x=D(x+1)>
Giai.
Taco A= j x+1 dx.
X1 x+1
Pit t= o) = 3L
x—1
3 2
Khi d x:tjl:dx:—%dt
-1 (t° 1)
X+1 dt
Va A= 1/
vy J. -1 x+1
Z4t+1 2t -1 X+1
EET +/3.arct D t=3 _
2 (t-1) gJ§+C x—1

16
ThS. Phan Ba Trinh - Truong Pai hoc Pham Vin Béng



Bai giang Giai tich 2

2.5.2 Dang J‘R(x;x%;xg;...;x%)dx. Véim,n,p,q,..,uveZ

Phwong phap:
batt = o(x) = xk v6ik = BSCNN(n, q,. . ., v) (k 1a bdi s6 chung nho nhit cia
cac mau so n, q,. . V) ta thu dugc mdt tich phan ctia ham hiru ty theo t.
Vidu 2.12 Tlnhj \/_
x(4/x — 1)
Giai. Ta c6: k = BSCNN(4;8) = 8.
bat = 8/x = x* = x =t® = dx =8t’dt
8 4/+8 8
Do d6 [‘/— LI x=[= t \/t_8t7dt
X(4/x — 1) t (\/_ 1)
j 8t dt
t8(t2 -
t—l
=8 dt
It2+1
s
41
:8In|t+ﬂ+C:8In‘W+ﬂ+C.
) Yx -¥x
Va dx =8It +1+C =8M{3/x +1+C.
d Ix(\/' -1) 4 [+

Chiy 2.2 Ta c6 thé két hop 2 dang trén dé tinh tich phan dang:
IF{ (ax+b] W{ax+b)]dx
cx+d cx+d
a“bjk .k = BSCNN(N,. . .,V)
cx+d
2.5.3 Dang IR(x;\/ax2 +bx+c)dx;a=0

r 9 2
Phuong phap chung: + Bién doi ax®>+ bx + ¢ = al:(x +£) _W}

Phuwong phap: Dit t =(

2a a’

+ Chuyén tich phan di cho vé 1 trong 3 dang sau:

i) [Ry(uVa? +u?)du. Dt u = atgt véi te(—f;ﬁj.

2 2

i) IRZ (u,va® —u®)du. Dat u = asint vdi te [—Z;Z]

2 2

iii) [Ry(uVu? —a?)du. Pt u=—"- véite(o;n)\{ﬁ}.
cost 2
Vidu2.13 a)Tinhl= I\/—x2 +4x+5.dx

Taco -X?>+4xX+5 = - (x?-4x-5)
- [(x?-2.2x+4) - 9]
- [(x-2)%-9]
=9-(x-2)>%
Do d6 [V-x7 +dx+ 50 = [ {9-(x-2)" dx.

ThS. Phan Ba Trinh - Truong Pai hoc Pham Vin Béng
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bat X-2=u=dx=du
Thé thi j 9—(x—2)2dx:J\/9—u2du.
Dt u =3sint; te{—Z 5}
2 2
Suy ra du = 3cost.dt;
V9 —u? =3cost;t :arcsin% = arcsinx%2
Khi @6 I\/Q—uzdu:j\/9—95in2t.(3cost).dt
= j3|cost|.3cost.dt = 9'[cos2 t.dt
Vi te {—%%} nén cost > 0; nhung Cos?t = 1+C203 2t : Nén
I9coszt.dt = 9J'1+C052t dt = %H%sin 2t+C (%)
9 .u 1 >
= —arcsin—+=-uv9—-u’+C
2 3 2
:garcsm—+— —x?+4x+5+C.
2 3
Vay I:j\/—xz+4x+5.dx—%arcsmT+— —x*+4x+5+C.
, 3)
b) Tinh J = [——X=
IV —2X+4
. 2X—2 dx
Taco J=2 = x4 ————
I\/ Z_2x+4 J‘\/x2—2x+
3 Id(x —2x+4) J-
VXT =2x+4 \/x 1 +3

= /X —2x+4+4ln‘x—1+\/x —2x+4‘+C.

Vay J = J.\/% \/xz—2x+4+4ln‘x—l+\/x2—2x+4‘+C.

Chly 2.3 Ngoai cach tinh trén, ta c6 thé dung Phuwong phdp thé Euler sau:
t+xv/a : khi a>0
Ta bién d6i vax® +bx+c ={xt£~Jc : khi ¢>0

t(x—a) ; khia lalnghiém ciaax?+bx+c=0

i) Trwong hgp a> 0

bat: Jax® +bx+c = t £ x+/a.
Khi d6: bx + ¢ = t?+ 2x.t+/a.

dx
Suy ra: X; Jax? +bx+c; G

la cac ham hitu ty theo t.

, dx
Vidu2.14 Tinh | —————
) Ix+\/x2—x+1
Taco:a=1>0.
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bat VX —x+1=1+X
= XP-X+1= 2+ 2tx+ X°
Y 2
Suy ra MEE LN . +t+21
2t+1 (2t+1)
2
Va /—xz—x+ :t +t+1
2t+1
, dx t? +t+1
Do d6 =—
'[x+\/x2—x+1 J‘(2'[+1)(t+2)

Dung phuong phép hé sé bt dinh, ta co:

_j t2 +t+1 =—2|:£J‘dt—§j 2t.d'[ }
t+D)(t+2) 2 272t +5t+2
—J.dt J- t.dt
2t% +5t+2
=—t+3(gf dt 1 dt j
37t+2 372t+1
=—t+2Injt+2-2Inj2t+1+C
t+2 ?

:—t+ln(—j +C 1)

2t+1

Thay t=VJx*—x+1-Xx vao (1)

2
[y 2
Y FERE T T I 2t Sk S G
2(WX? —x+1-x)+1

Taco

dx
Ix+\/x2 —X+1

ii) Truwong hop ¢ >0

Khi ¢ > 0, ta dat
Jax? +bx+c =xt++/c
, —(a-13)x% + (b £ 2t-/c)x = 0.
Vi x 1a bién tich phan va phuong trinh bac 2 theo x cho ta:
_b#2tc

t’-a
13 mot biéu thire hitu ty theo t. Ta suy ra mot tich phan ham hitu ty.

, dx
Vidu215Tinh | ———
) Ix+\/x2 —Xx+1
Ta thdy ¢ =1> 0 nén ta c6 thé dat

VX2 —x+1=xt+1

Suy ra X2- X +1= 2+ 2tx +1 < (- D)3 +(2t+ 1)x =0
< X[(t2- Dx +(2t+1)]= 0
2t+1 t?2 +t+1
= X= =dx=2
1-t? (1-t%)?
2
Do d6 J- :ZJ' " +t+1 :
X+x2 —x+1 t+2)t+D@A-t")

Dung phuong phéap hé s6 bat dinh, ta co
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t? +t+1 1,1 18+l
t+2)(t+D(A-t?) t+2 4(0-t) 4 (t+1)°
A 1, 3t+1
Vay |- ﬁ -l I4(1 LT
(\/x —X+1+2x— 1)2 1 (x —1-Ix%2—x+ )(x+1—\/x —x+) X

x(\/x —X+1+x-1) 2 X—1+Vx2 —x+1

iii) Truong hop ax?+ bx + ¢ ¢6 2 nghiém thue phin biét
Goi a, B 1a nghiém cta phuong trinh ax®+ bx + C.
Khi do: ax?+ bx + ¢ = a(x-o)(x-B).
bat vax® +bx+c =t(x—a) hay t(a - B), ta s€ c6 mot phuong trinh hiru ty theo t.

+C

, p dx
Vidu 2.16 Tinh: (a>0).
‘[(x2+a2) [a2 _x?
Tacd: - a<x<a. bat:
va’ —x?* =t(a—x)
thi: a2- x?=t?(a>-2ax+x?); t>0
Suy ra: (t2+1)x? - 2at?x + (t>-1)a?= 0
Phuong trinh bac 2 theo x ndy c6 A’= a%. Do viy:
: t? -1 - t? -1
X1=a (loal) va x2= a nghia la chonx = a
1=a (logl) va Xz = a7 ng ' 2 +1
dx 1 ¢2t°+2
Do do, ta co = dt
J‘(xz +a?)a?-x2 22’ I t'+1
2
:ij.t +1dt
t* +1
1 J.1+t12
a? t’+ 1
bat u=1-1 thi du = 1+£ dt va t2+£:u2+2.
t t? t?
11+ 1 ¢ du
Do va S gt=—
Y J.t2+t12 aZIu2+2
! arctg —
\/_ \/_
_1
arctg — +C 2
T @
[a2 2
Thay t=Y2 "X \ao (2),taco
I o = arctg /2 +C
(2 +a)Ja? — X JaZ — X

Chuy 2.4 C6 mét s6 tich phan khong thé biéu dién dugc dudi dang nhitng ham
so cap, chang han cac tich phan sau:

2 e’ dx_
_[e dx; .[de, n
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J'sin(xz)dx; Icos(xz)dx;

j\/l—kz sin? x.dx:...

Khi gip nhitng tich phan trén, ta khong nén tinh toan mat thoi gian ma chi
nén dé nguyén két qua dudi dang tich phén.

Néu mot tich phan nio d6 ma qua mot s hitu han cac phép bién doi hay
tich phin timg phan, ta thiy xuit hién mot trong nhiing tich phan trén thi tich
phan di cho ban dau xem nhu khong tinh dugc.
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BAI TAP CHUONG 1
NGUYEN HAM VA TiCH PHAN KHONG XAC PINH

I. Nguyén ham
1. F(x) 1a nguyén ham cua ham sd f(x)=x?(x—2) biét rang F(1)= o

Hay tim biéu thire F(x). ,

2. Ching minh rang ham y = signx ¢6 nguyén ham trén khoang bat ky khong
chtra di€m x = 0 va khong c6 nguyén ham trén moi khoang chira di€ém x =
0.

3. Tim nguyén ham ctia ham f(x)=e” trén toan truc sd.

4. Tim nguyén ham c6 do thi qua diém (2; 2) d6i voi ham

f(X)=%;XG(—Oo;0).

Il. Tich phén khéng xac dinh
Dung bang tich phan dé tinh

d
1)J-Z C)%(x

dx x.dx
) I\/2—3x2 3 e

arctgx

dx

2
e +XIn(1+x°)+1
e 5 | 2
1+sin x 1+ x%)
Dung phuong phap doi bién sd, tinh céac tich phan

6) Ix(2x+5)10dx N 1+\/x_

Dung phuong phép tich phan tirng phan tinh
10) J‘(x2 +5x+6)cos2x.dx  11) Ilnz xdx 12) I, = jsin(ln x)dx; 1, :jcos(ln X)dx
Tinh tich phan ham hiru tjf

13) | 35X T2 g 14) [ 15)jX LSS 16)f

5% + 4x x* —1 X3 + X x> +1
Tmh tich phan cac ham vo ty:

X—1 X+1 2—X dX
17)I~°f+1x 18) [y W O 5o

Dung phuong phéap thé Euler tinh cac tich phan
dx dx

22)
x+\/x2+x+1 J’1+\/1—2x+x2

Tinh tich phan cac ham luong giac:
cos2x.dx
- dx 24 J~ dX- 25) J‘ ;
8 —4sin X + 7¢c0s X COS X + 2SIN X + 3 cos X +sin™ x

Sln X
9) I\/ COS X

21) |

23) |

22
ThS. Phan Ba Trinh - Truong Pai hoc Pham Vin Béng



Bai giang Giai tich 2

CHUONG 2.

TiCH PHAN XAC PINH
Bai 1.
KHAI NIEM VE TiCH PHAN XAC PINH

1.1 BAI TOAN DAN PEN KHAI NIEM TiCH PHAN XAC PINH.

Cho ham sé y = f(x) lién tuc khéng 4m trén doan [a,b] c6 d6 thi 1a duong cong
©).
Tim dién tich cia mién mat phang gi¢i han boi truc 0x, dudng cong (C) va céac
duong thang x= a; x=b (tirc dién tich hinh thang cong AabB); (Hinh 1.1 ). Dé
xac dinh dién tich hinh thang cong AabB ta thyc hién nhu sau:
Chia doan [a,b] thanh n doan nho YA
béi cac diem xo= a < xi< f(ty B
Xo.ornren X f) ./
Trong mdi doan nhd [Xi1; Xi] v6i _
i=Ln. Ta chon diém t. Duyng TR \/
hinh chir nhat c6 mot canh 1a (x;-
Xi1) va mot canh bang f(t). Ta

nhan thiy rang khi doan [xi1; Xi] >
kha bé hay 0| Xo=ato Xiti Xiali Xi  Xnalh Xn=h'X

»

AXi=Xi- Xi-1 kha bé thi dién tich Hinh 1.1

hinh chit nhat thir 1 1a:S; =f(t;).AX;.

Xép xi dién tich phan thir i cta hinh thang cong AabB ; i =1n.

Néu S 1a dién tich hinh thang cong AabB thi ta c6: S zzn:Si véoi Ax, kha be

i=1

Vi=ln.
Ngudi ta chimg minh duge rang, néu ton tai lm > f(t).Ax thi lim > f(t).Ax =S
n—o i—1 n—oo i—1

(V61 n — o0 Sa0 cho max Ax, — 0).

1.2 PINH NGHIA TiCH PHAN XAC PINH

1.2.1 Cac dinh nghia.
Dinh nghia 1.1 Gia st f(x) la ham xac dinh trén [a,b]. Chia [a,b] thanh n doan
nho tuy y bdi cac di€m chia xo = a < X1 < X2 <......... < Xn=b. (Céch chia nhu vay
goi la phép phan hoach doan [a,b]). -
Trén tung doan [Xi.1; Xi] ta chon diém t; tuy y, i =1;n.
Lap téng I, = Zn: f(t,).Ax; vO1 AXi = Xi- X1 .

i=1

Néu lim 1 (v&in—> o sa0 cho maxAx, — 0) ton tai hitu han khéng phu thudc vao

cach chia doan [a,b] va cach chon t; thi gidi han d6 goi 1a tich phan xac dinh ctia
ham f(x) trén [a,b]. Khi do ,ta goi f(x) 1a ham kha tich trén [a,b].

n—oo

b
Ky hiéu: j f (x)dx =lim 1.

In: goi 13 tong tich phan ctia ham f(x) trén doan [a,b].
[a,b]: goi l1a doan lay phan; a: can dudi; b: can trén.
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b
I : dau tich phan xéac dinh; f(x): ham dudi dau tich phan; x: bién so tich phan.

Pinh nghia 1.2 Cho f(x) I& ham xac dinh tai a. Khi d6: _[ f (x)dx = 0.

Pinh nghia 1.3 Cho f(x) x4c dinh trén doan [a,b] vo1 a < b. Khi
a b

dé:jf(x)dx:-jf(x)dx.
b a

Chuy 1.1 Tich phan xac dinh chi phy thufc vao ham dudi dau tich phan xac
dinh, phu thudc vao cac can, khong phu thudc vao bién s tich phan. Tuec la:

i f (x)dx :T f (u)du :T f (t)dlt.

1.2.2 Y nghia hinh hoc ciia tich phan xic dinh
A

b
Néu f(x)=>0 va lién tuc trén [a,b] thi J' f (x)dx y

la dién tich hinh thang cong gi&1 han bdi
cac duong

y = f(X); X =a; x =b va truc Ox (Hinh 1.2).
Goi S la dién tich phan gach chéo ¢ hinh 1.2,
Khi do: 0

b N
S ZIf(X)dX. Hinh 1.2

1.2.3 Pinh 1y ton tai tich phin xac dinh

1. Néu f(x) lién tuc trén [a,b] hodc c6 mot sb6 hitu han diém gian doan loai 1
trén [a,b] thi f(x) kha tich trén [a,b].

2. Néu f(x) bi chin va don diéu trén [a,b] thi f(x) kha tich trén [a,b].

Vi du 1.1 Dung dinh nghia dé tinh cac tich phan sau:

1 2
a. dex b. Ixzdx.
0 1

Giai. a. Do f(x) = x lién tuc déu trén [0; 1] nén kha tich trén [0; 1].
Chia [0;1] thanh n doan nho tuy ¥ bdi cac diém chia:
1.2, n_ '

X |
0, Ty T T yrrrraaan i 1.Lé ti=_'
nn n Y n

Lap tong I, = Zn: f(t;).Ax = Zn:ti.Axi = Zn:%%
i=1 i=1 i=1

(Vi f(x)=x= f(t,)=t; Axi=g—1=1). Nén
n n n

T STTSYML W
i=1 i=1 i=1 nn
1 2 1
:n—2+n—2+ ........ n—:F(l‘i‘Z‘l‘ ..... +n)

Doi1+2+....+nla téng n s tu nhién, nén:
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1
Viy J‘xdx:limn—Jrl:E.
0 N—o0 2n 2
(A%, — 0 khi n— oo, vi vy ta viét: lim 2— thay cho I|m n_+1)
n—oo n

b. Do f(x) = x? lién tuc trén [-1; 2] nén kha tich tren l, 2] va
2 n
[xdx=1lim > ()7 Ax;
1 n=°%a

Gi6i han nay khong phu thudc vao cach chia doan [-1; 2] va cach chon diém
t;i1=1;n.

Xo=-1 x, =-14+—; x, = 1+§.2, ........ X, ==14+—1 ;oo 3 X, =2
n n
Ta co: Ax %; i =1;n. Trén mdi doan [Xi.1; Xi], chon t. = x.. Khi do
" n(3.)3 &3 270 18i
=) () AX =) |1-Zi0 | =) | S+ |,
:n.§+2—Z(12+22+ ...... +n2)—§(1+2+ ...... +n)
n n n
27 n(n+1)(2n+1) 18 n(n+1)
:3+—3. BT
n 6 n 2
Suyra lim | ::3+2—67 2—%:3.(Khi n—>oo:>maxAxi=%—>0).
2
Vay Ixzdx=3.
-1

1.3 CAC TINH CHAT CUA TICH PHAN XAC PINH
1.3.1 CAC TINH CHAT
Gia su f(x) g(x) kha tich trén doan [a; b]; khi d6 ta c6 cac tinh chat sau:

1. a. j k. f (x)dx =k j f (x)dx ; (k: hang s6). Pic biét: néu f(x) =1 thi
jk.dx :kjdx =k.(o—a)
b. i(a.f(x) + ,B.g(x))dx:a.jl f(x)dx + ﬂjg(x)dx; (a; B: 14 cac hing sd).
2.a. if(x)dx:jf(x)dmif(x)dx; b. j‘f(x)dx:o;
j'f(x)dx: —j'f(x)dx .

3. Néu vxe[a;b]: f(x)=g(x) thi j‘f(x)dxzj'g(x)dx.

X

< f|f(x)|dx.
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5.Néu vxelab]:m< f(x) <M thi m(b jf(x)dx<|v|(b a).

Dic biét: Néu wxe[a;b]:[f (x| <M thi j f(x)dx|<M(b—a).

a

Chirng minh.
1. Sinh vién tu chitng minh. 7
2. Chia doan [a,b] thanh n doan nho boi cac diém chia:
Xo=ma<<Xi1<Xo<..... < Xpn=
Dt AXi=Xi- Xi1  i=1Ln.
Trén méi doan nhé [xi1; i ta chon diém t; véi i=1n.
Taco Z[f t)+9a(t)]Ax = Z f(t).AX + Z g(t,).Ax, .
Vi f(x) va g(x) kha tich trén [a b] nén ton tai:

!'le f(t,).Ax va fim Zg(t ).AX;
Do dé, ton tai
lim Zn:[f t)+g(t)]Ax = lim Z f(t).Ax +lim Zn:g(ti).Axi ,
(max Ax; —;_(1))). - h

Suy ra:
b

j[f(x) + g(x)]dx = jf(x)dx + jg(x)dx

3. Chia doan [a,b] thanh n doan nhé béi cdc diém chia:
Xo=a<X1<X2<......... <x)=b.
Dt AXi = Xi- Xi1 ; i=1Ln.
Trén méi doan nhé [xi1; Xi] ta chon diém t; véi i =1n.

Ta co: Zn: f(t,).Ax > _Zn:g(ti).Axi.
Vifix) va g()lc_)1 kha tich trleiln [a;b] nén ton tai:
lim Z f(t)Ax va lim Zn:g(ti).Axi
Do do, ton tai - -
Lmi f(t,).Ax > !iglznlg(ti).Axi ; (maxAx, — 0)).

Suy ra: B B

b b

j f(x)dx > j g(x)dx..

4. Vi —|f(0)| < f(x;s|f(x)| né; theo tinh chdt 3 ta cé:

_i|f(x)|dx < Tf(x)dxsi|f(x)|dx.

j. f (x)dx

a

b
Suy ra: <[] (x)fax.
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b b b
5. Vim< f()<M nén mfdx <[f()dx <M.[dx.

b
Theo tinh chat 1, ta ¢c6: mb-a)< I f(x)dx <M(b-a).

1.3.2 CACPINH LY
1.3.2.1 Pinh ly vé gia tri trung binh cua tich phin xac dinh
Pinh 1y 1.1 Néu vxe[a;b]; m< f(x) <M thi ton tai & <[m; M] sao cho:

b
[ fo)dx<alb-a).
Pic biét, néu f(x) lién tyc trén [a; b] thi ton tai c e[a; b] dé

i f(x)dx = f (c)(b—a).

b
Chirng minh. Neu vxe[ab]:m< f(x)<M thi mb-a)< I f(x)dx<M(b-a)

b
Suy ra m<—* jf(x)dxswl.
b-a
1 b
Pt a:mlf(x)dx.
b
Ta co: alb—a)=[ f (x)dx.

Pdc biét, f(x) lién tuc trén [a; b] nén: néu m< f(x)<M thi m; M lan lwot la gid
tri nhé nhdt va gid tri 16n nhat ciia f{(x) trén [a; b]. Vi vdy, néu c6:
1
b—a

m <

b b
[ f(0dx <M thi 16n 1gi cefa;b] @ f(c):bijf(x)dx .
a —aa

b

Suy ra f(c)(b—a)= j f (x)dX .
Pinh Iy 1.2 Gia su:

1. f(x); g(x) kha tich trén doan [a; b].

ii. vxela;bl: m< f(x)<M.

iii. g(x) khong ddi dau trén [a; b]:

9(x) 2 0; (g(x) <0) Vxela;b].
b b

Khido:  [f(0g(dx<afg(x)dx véi m<a<M 1)

a

b b
bac biét, néu f(x) lién tuc trén [a; b] thi I f (x)g(x)dx <f(c) _[ g(x)dx voi a<c<b.

Chirng minh. Gid stz g(x)>0. Vi m< f(x) <M = m.g(x) < f(x).g(X) <M.g(x).
Do do, ta co:

mjl g(x)dx < jl f(X)g(x)dx <M jl g(x)dx 2
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b
Mat khac, do g(x)>0; Vxe[a;b] nén Ig(x)dx >0.

b b
Néu Ig(x)dx =0 thi trr (2) ta co: If(x)g(x)dx =0.
Trong truong hop nay (1) luon dung .
b
[ F(9g(x)dx
: b
Ja(x)ex

Pic biét, khi f(x) lién tuc trén [a; b] tré vé dinh 1y (1), ta co:

b
Neu Ig(x)dx >0. Dat: a= . Khi dé6: a <[m; M] va ta co (1).

b b
j f (x)g(x)dx sf(c)jg(x)dx véi a<c<b.

Y nghia hinh hoc ciia dinh ly vé gia tri trung binh

Y A
Néu f(x) lién tuc trén doan [a,b]; f(x)>0;
A 3 s A + R N

vx e[a;b]. Ta ludn tim dugc it nhat di€ém /\
¢ e[a; b]; sao cho dién tich hinh thang cong f(c) MA B
aMNb béng dién tich hinh chit nhat aABb \/
(Hinh 1.3).

Khi do f(c) goi 1a gia tri trung binh cua
f(x) trén [a,b]. 0 a c b X

Hinh 1.3

1.3.2.2 Pinh ly dao ham cta tich phan theo can trén

Pinh 1y 1.3 Néu f(x) lién tuc trén [a,b] thi ham ®(x) = I f(t)dt vo1i a<x<bla mot
nguyén ham cua ham f(x) trén [a,b]. Ttc la:
X /
@' (x) = U f (t)dt] = f(x) v6i x e[a;b]. (3)

Chirng minh. a. Khi x e (a;b) cho x 56 gia Ax sao cho x+ Ax e [a;b]. Khi dé:
X+AX X
AD = D(X + AX)— D(X) = J’ f (t)dt — j f (t)dt
X+AX X X+AX

:i ft)dt+ [f@O)dt—[fOdt= | f )t

Theo dinh Iy vé gid tri trung binh tén tai ¢ nam giita x va x+ Ax $ao cho:
X+AX

j f (t)dt = f (c)(x + Ax — x)= f (c)(AX)= AD = f (c)(AX)

2% fo)= im 22 2 im f (o).
AX AX—>0 AX  Mx—0
Vi f(x) lién tuc trén [a; b] nén f{x) lién tuc tai x (a;b).

Suy ra, khi Ax — 0 thi f(c) — f(X) do ¢ nam giita x va x+ Ax. Do dé
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I|m —— = f(x) hay @'(x)= f(x).

Ax—0
b. Khix=a hoac x = b; chirng minh tuwong ty ta ciing co:
®'(a+0)=f(a) @'(b—0)= f(b).
Vay @' (x)= f(x) vdi vxe[a;b].
Hé qua. Moi ham s6 lién tuc trén [a; b] déu co nguyén ham trén doan do.

1.3.2.3 Dinh ly mé6 rong (Pao ham theo cin tich phan):
Pinh ly 1.4 Néu f(x) lién tuc trén [a;b] va U(x); V(x) 1a hai ham s6 kha vi lién
tuc nhan gia tri trén [a;b] thi:

V (x) !
{ j f(t)dt:l = VOV (x) - FlU)U’ (%) - (2)

u(x)
1

Vidu 1.2 a. Cho o(x) = J'cos dt. Tim @' (x).

Giai. Dat: U(x) =sinx = U’(x) =cosx; V(x):%:v’(x):—xi2
f(t) = coslt? )= f[U(x)]=coslsin? x);

= fV(x)]= co{%}z.

Twr cong thirc (2) suy ra:

' (x) = co{lJ (%) —cos(sin? x)(sin x)
1 1
= s( j —cosx.cos(sin® )

X

j st )t

b. Tim lim%——F— (co dang — )

x—0

Giai. Ap dung quy tac L/ Hospltale ta co:

.X[cos(tz Jdt U cos(t? )dtj/

.9 _

i =l
—lim COS( ) -1,
x—0 1

1.4 CONG THUC NEWTON - LEPNIT

Pinh Iy 1.5 Néu f(x) lién tuc trén [a,b] c¢6 F(x) 1a nguyén ham thi
b
[ f()dx=F(b)—F(a).

Ky hi¢u:
F(b)—F(a) = F(x). .
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Chirng minh. Vi f(x) lién tuc trén [a; b] nén theo dinh ly dao ham theo cdn trén,

ta cé ®(x) = [ f(t)dt vé7i a<x<b.

ciing la nguyén ham cua f(x); theo dinh Iy vé nguyén ham ta cé:
®(x)=F(x)+C

hay CD(x):JX.f(t)dt: F(x)+C.
Cho x = q, ta duoc jlf(t)dt =F(a)+C < 0=F(a)+C=C=-F(a).

Cho x = b, ta duoc j. f(t)dt = F(b)+C =F(b)-F(a).

Vidu 1.3 Tinh T(2x+x3)dx.
1
Ta co: I(2x+x3bx:x2+§+c
2 s ) X4 2
Suy ra Jl.(2x+x )dx=(x +le

= 22+z - 12+E _2r
4 4 4
27
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Bai 2
PHUONG PHAP TiNH TiCH PHAN XAC PINH

2.1 PHUONG PHAP POI BIEN SO

b
Pinh ly 2.1 Xét tich phan I f (x)dx voi f(x) lién tuc trén [a,b]. Gia st phép doi
bién x = ¢(t) thoa man cac diéu kién:

I. o(t) c6 dao ham lién tuc trén [o; 8] v6i a=gla), b=¢(B).
ii. Khi t bién thién trén [¢; 8] thi x bién thién trén [a,b]. Khi do:

T f(x)dx = f flo®le’ @)t (3)

Chirng minh. Do cac ham f va ¢ lién tuc nén ta cé thé dimg céng thirc
Newton-Leibnitz. Néu F(x) la nguyén ham ciia f(x) va ¢(t) la nguyén ham ciia
tle®le’ @) thi

i f (x)dx = F(b) - F(a) 4

va flo®]e’ (V)dt = d(B)- ®(a)

F[ (86)]-Flplaa))=F(b)-F@) (5
b
Tir (4) va (5) cho ta: [ f00dx= j f[p(t) ]’ (t)dt.
Chay. i. Khi doi bién ta nh¢ doi can. ) - ‘
i1. Cong thure doi bién (3) thudn lgi & cho 1a sau khi d61 bién khong can

quay vé bién cil.
Vi du 2.1 Tinh céc tich phan sau:

r _ xsmx
j a’ —x*dx; (a>0); b. J = J.1+cos X

R ey

Giai. a. Ta thdy rang ham dudi dau tich phan 1a phuong trinh ctia dudng tron.

14 A /‘\ 14 hY A 14 1 Y b 4 r.*
Tinh phan can tinh la dién tich " duong tron x* +y* =a® tmg voi x>0; y>0.

bat x=asint= dx =a.costdt. Khi x=0=1t=0; x=a:>t=%.

cos? t.dt

az( sinZtJ2
=—|t+
2 2

Taco Ja? —x2

o'-—.m
O'—.N\N

b. Pat x=zr-t=dx=-dt. Khi x=0=>t=7, x=7r=1t=0.
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Taco J- J‘ﬂ' tsmt j-;z tsmt
1+ cos® t . 1+cos’ t
© msint © tsint
= [ dt—j —dt
5 1+cos” t 1+cos”t
B I sint J- xsmx
1+cost 1+cos X

0

(tich phan xac dinh khong phu thudc vao b1en liy tich phan). Suy ra:
I smt J- d(cost)

1+ cos® t 1+cos’t

= — zrarctg.cost|;
= —zlarctg(cos z)— arctg (cos0)]
= —zlarctg(~1)—arctg (1)]

VA 72'2
( 4 4) 2

J:J- xsinx . _ 7
4

Vay
< 1+cos’ x

Vi du 2.2 Chimg minh rang néu lién tuc trén [-a; a] thi:
0 , khi f(x) 1¢

j f(x)dx =4 a : >
ZIf(x)dx , khi f(x) chan.
0

—a

Giai. Trugc hét ta théy trén [-a; a] nhan géc toa do 1am tam doi Xung.
Theo muc 2 phan 2.4, ta co:

jlf(x)dx = T f(x)dx+jl f (x)dx (*).
Trong tich phan thtr nhit & vé phai ciia (¥) ta déi bién x—-t, Khi dé:
j f(x)dx = T f(—t)(- dt)+j f (x)dx.
Do tich phan xac di;h khong ;hu thudc Va‘lg bién lay tich phin nén:
i f(x)dx = jl f (—x)dx + jl f (x)dx

a

j f(x) - f (=x)Jox
0
Dung tinh chat chin, 1¢ cia ham sé, ta co:
. 0 , khi f(x) 16
[ feodx=14 s _ .
A ZIf(x)dx , khi f(x) chan.
0

b
DPinh ly 2.2 Xét tich phan I f (x)dx voi f(x) lién tuc trén [a,b]. Gid su phép doi

bién t = ¢(x) thoa man cac diéu kién:
i. o(x) don diéu va c6 dao ham lién tuc trén [a;b].
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ii. f(x)dxtrd thanh g(t)dt v4i g(t) 1a ham lién tuc trén [p(a), ¢(b)].
Khi do
o(0)
j f (x)dx = jg(t)dt

»(a)

Chirng minh. Gid s [ g(t)dt = F(t)+C. Khi d6
[ f(9dx=[g(t)dt = F(t) +C = F(p(x))+C

Vi vay: J £00c = Flpal’
= Flolb )] ([)( a)]
= F(t)’ jg(t)dt

3
Vi dy 2.3 a. Tinh tich phan: 1 = [¥** 1oy
X
1

Gial. Pat u=Vx+1=u’ =x+1=2udu=dx; x=u’-1.
Khi x=1=u()=+2; khi x=3=u(@3) =+4=2.Suy ra:

2 2 2
I—I .2u.du _.[ 22u du
fu -1 puU -1
2 2
~ [odus [ 22
7 pU -1
2
2u|f N L
u+1[
1 J2-1
:4—2\/§+In(—J
3 (\F-ﬁ*lj
p p A b dx _
b. Tinh tich phan: J = [ . (0<a<n).
% X —=2xcosa+1
dx

Gidi. Vi a €(0;7) nén f(x) = lién tuc trén [-1; 1].

x* —2xcosa +1
bit t =7 —cosa ; ta thay t don di€u trén [-1; 1]. Khi do:

1-cosa
dt 1 t
J= = acrtg| ——
J t’ +sina  sina g(sinaj

—1-cosa

1-cosa

—1-cosa

I (94 T O
= rg|tg = |-acrtg| tg| = — =
e 6105 )-aene[ 55|

B 1 a o) 7
 2sina

sinal2 2 2
ChU y. Khi sir dung dinh 1y nay, ta cin luu ¥ rang ham t = o(t) phai don diéu
trén [a;b]
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Vi trai lai thi ¢6 thé ¢(a)=g(b). Khi a=b, lic d6 tich phan & vé phai bang 0; con

tich phan & phia trai c6 thé khac 0.
Vidu2.4Cho | = Isinzxdx.
0

1-cos2x

Bién do6i luong giac (cong thirc ha bac) cho 1 = J‘de :% (két qua ding).
0

Néu bién d6i (mot cach hinh thirc) t=sinx, khéng chli ¥ ¢(x)=sinx khong don
diéu trén [0;7], ta thdy cac cAn x=0=t=0; x=7 =t =0, khi chuyén tich phan
theo t, ta dugc I=0. Mudn tranh trudng hop nay, trude khi d6i bién t=sinx, ta

phai tach doan tich phan thanh hai doan ma trén hai doan nay t =sin x don di¢u.

Cu thé:

/4

T 2 v
. . . T
I :jS|n2xdx :j5|n2xdx+ I3|n2xdx:—.
0 0 T 2

2
2.2 PHUONG PHAP TiCH PHAN TUNG PHAN
Pinh ly 2.3 Néu cac ham u(x); v(x) c¢6 dao ham lién tuc trén [a,b] thi:

b b
Iu(x).v’ (x)dx = u(x).v(x)|l:1 - Iv(x).u’ (X)dx..
a ’ , . . a
Viét tac: Iudv = uv|k:l - Ivdu :

Chirng minh. Vi u(x).v(x) la nguyén ham ciia u(x).vV'(X) +v(x).u'(x) . Vi thé

[Ty () +v(x)0" (9 = u(b) v(b) - u(@) v(@) = u(x)v(x)|..

b b
Suy ra: Iu(x).v’ (x)dx = u(x).v(x)|2 - Iv(x).u’ (X)dx..
Do V/(x) dx = dv; u/(x) dx = du va dé viét cho gon, ta cé:
b b
Iudv = uv|:1 —Ivdu :

Vidu 2.5 Tinh céc tich phan:

2r %
a. Ix.cosx.dx; b. I, = J'sinn xdx; VneN.
0 0
coe .. |u=X du = dx .
Giai. a. bat: = . Khido
dv = cosx.dx V =Sin X

2r 2r

. 2 . 2
Ix.cosx.dx =xsinx." - J'sm xdx = cosx." = cos2z —cos0=0.
0 0

2z
Viay Ix. cosxdx=0.
0

2
b. Tacé: I, :J'sin“’l x.sin xdx; Vne N,
0
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_ eiq -l — _ s~ N=2
Pt {u_sm X :{du (n—1)cosx.sin xdx

dv = sin x.dx V =—C0SX
Khi do
- 2
I, = -cosx.sin"™ X2 +(n —1)J.cos2 xsin"? x.dx .
0 0
2
=(n- 1)J.1 sin? x)sin "2 x.dx
0
2
(n-1 Ism X.dx — '[sm X.dx
0
n 1)|n2
. -1
Suy ra: n= - ., Vn>2.

Cong thuc truy hoi nay cho phép tinh I, théng qua lo; 11.

2
A < ~ 7 T
Neéu n chan ta s€ c6 dugec |, = jl.dx =3
0

Néu n I¢ ta s€ c6 dugc I, = |sin xdx_—cosx|2 =

o'-—.m\a

Quy wée: 1.35.....2n+1)=(2n+1)1 ;
2.4.6.....2n) = (2n)n=2"nt,
Lan luot tinh cho céc I, , ta thiét 1ap duoc cong thirc:

M . khi n chan
] nn

@ . khinle.
Vi du 2.6 Tinh céc tich phan sau:
1 e
:J'arctgx.dx; b.J= Iln xdx;
0

C. K=|e*cosxdx.

O'—.N\N

{u —arctgx  |du = o

Gidi. a. bat 1+x° .
dv = dx VX
Khi @6
1
x.dx
| = xarctgx|. —
9, J.1+ NG

0
1

=arctg (1) —%[In(l-F x2)

0
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=£—1m2
4 2
dx
. u=Inx du=—
b. bat -/ X .
dv = dx
V=X
Khi d6 J=[x.|nx]f—_[dx.
1
—elhe-(e-1)=e—-e+1=1
c. Dit u=e N du :_e dx.
dv = cosdx vV =sin X
Khi do
- z % -
K :[e .sin x]g —l'e .sin x.dx .
2
bat L:J'ex.sin x.dx.
0
Pé tinh L ta dit u=et _ Jdu=eldx
dv = sin xdx V =—CO0SX
Khi do

.2
L:—[ex.cosx]OE +Iex.cosx.dx
0
:—[ex.cosx]O% +K
Suyra K= [ex.sin x]§+[ex.cosx]0% -K.

z
2

Hay K:%[ex.sin x]§+%[ex.cosx1

e? —%:%[eZ —1}

e* cos xdx :%(ez —1} .

0

N |

Vay K=

O | N
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Bai 3.
TiCH PHAN SUY RONG

3.1 TICH PHAN SUY RONG LOAI 1
(TICH PHAN VOI CAN VO HAN)

Dinh nghia 3.1
i/ Cho ham sé f(x) xac dinh trén [a,+0) va kha tich trén doan [a,b],
Vb >a.

b
lim I f (x).dx dugc goi la tich phan suy rong ctua f(X) trén [a,+).

Ky hiéu [ f00ax.

+00 b
Nhu vy j f(x)dx = fim j f (x).dx.
Chay 3.1

- Néu gi6i han & vé phai ton tai htru han, ta noi tich phan suy rong trén hoi tu.
- Néu gi6i han & vé phai khong ton tai hitu han, ta néi tich phan suy rong trén
phan ky VA
Y nghia hinh hoc:
Vé mat hinh hoc, (v6i f(X)=0)

+o0 =7(X
tich phan suy rong I f(x).dx la Y=/
dién tich hinh thang cong vo 0 ) L X
han (Hinh 3.1).
Hinh 3.1

i1) Tuwong tu, tich phan suy rong ctia ham sd f(X) trén (-0;a] 1a:
j f(x)dx = lim j f (x)dXx.

—00

Dinh nghia 3.2
Cho ham sb f(x) xac dinh trén (-o0;+0) kha tich trén [a,b]; Va,beR, a<b. Tich
phan suy rong cua f(X) trong (-oo;+0) dugc ky hiéu va xac dinh nhu sau:

Tf (X)dx = Je f(x)dx+Tf (x)dx; voi VceR.
Chiy 3.2 h h c
+Tf(x)dx dugc goi 1a hoi tu khi va chi khi ca hai tich phan suy rong & vé phai
hoi tu.
+ T f (x)dx duoc goi la phan ky néu c6 tich phan suy rdng nao d6 & vé phai phan

—00

ky.
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Y nghia hinh hoc: yt
Vé mit hinh hoc, v6i f(x)=0) tich

phan suy rong I f(x)dx la dién tich M%
= 7 S

hinh thang cong v6 han (Hinh 3.2) 0
Hinh 3.2
Vidu 3.1 1) Tinh céac tich phan suy rdng sau déy'

Todx
V [ ") I

Todx b odx
Gidi: 2) -!-(x +1)? _bILan-!(x+l)2

' X+3

1 1
b) dx ) dx

a—-w

= lim (In|x +3

J

= lim (In4—Infa +3)=-

a—>—0

2) Tinh cac tich phan suy rong sau:
2%
a b) | ——"—d
) j1+x )_-!;(x2+2)2 X

Giai: ) Ta co s f dX2+T1dX2
0

Ta lai co I, = lim
coov 14X

= lim (arctg0 — arctgc)
C——©

= lim (—arctgc) = —(— %) = % .

2

C——0

= lim (+ arctgx

J

b
I, = lim
b 0 1+ X

> = lim arctgb = 2

b—-0

Vay | = Iy+ Ip= %%:;:
+00 2X 0 +00
b —= —dx=
) J;}(x2+2)2 J.(x +2)? ! x? +2)

0 b

2X

= lim [ == dx+ lim [ == dx
a——0 (X + ) bamo(x +2)
bit U=x?+2=du=2xdx;x=a=u=a’+2;

Xy
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X=0=>u=2;
X=b=u=Db*+2,

0 2
Tacé I—ZX = [ U
a (XZ + 2)2 a?+2 uz
1] 2 1 1
= —_—— 2 :__+ 2
ula“ +2 2 a“ +2
b b%+2
va S Y
5 (X°+2) 5 U
1|b*+2 1 1
=—= =— +=.
ul 2 b2+2 2
Do d6 I#dx:lim —E+ 1
J (X% +2)? as=| 2 a’+1
) 1 1 1 1
=+lm|-———+>|=->-+-=0.
botol  ph* 42 2 2 2
N T2x
3) Xét sy hoi tu cua Id—z @>0;a>0)
> X
) ™ khi oo =1
Giai: Ta co f?_j=
X
a Int khioa =1
a

L (x7—a™  khi az1)
In— khi o =1

+ Khia=1.Tacé

Tdx . X opdt A
—=1limIn= — phan ky.
.[XO‘ X—>+00 aj-a[tap y

a

+ Khia#1. Taco

- Véia > 1thi j%:nm dt
4 X & xamata
- im (x** —a"™")
—-a X—>+0
1 ~
=—thIu haIl
l-a)a™
Suy ra j d—f hoi tu.
2 X
. N (. dt
-Véia < 1thitaco: lim =
cdt .o
Suy ra | o phan ky.

a
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Vay tich phan suy rong: [ hoi tu vé ﬁ khi o >1; va phan ky khi
a X l-o)a™

a<l.
Chuay 3.3

i) Pay 1a mot tich phan suy rong thuong dugce ding dé xét sy hoi tu hay
phan ky cua cac tich phan suy rong khac.

b 0
ii) Céc tich phan suy rong [ va [ % hoi tukhi 0 < o < 1 va phan ky khi
0 X a X

o= 1.

3.2 TICH PHAN SUY RONG LOAI II (TiCH PHAN SUY RONG VOI
CAN HU'U HAN) (Ham sb khong bi chin trong doan tich phan)

Pinh nghia 3.3 Ta néi ham sd f(x) khong gi6i ndi khi x—b néu ton tai diy sd
{Xn} sao cho x,—b va f(Xn)—oo.

Tuong tu, ta dinh nghia ham sé f(x) khong gidi noi khi x—b + 0; (x—b - 0).
Pinh nghia 3.4 i) Cho ham sd f(x) xac dinh trong [a,b) va cé Xlirﬂo f(X)=0.

Nghia la f(x) khong gidi ndi khi x—b - 0). Khi d6:

0"

b-¢
lim j f (x)dx goi la tich phan suy rong cua f(X) trén [a,b).

Ky hi¢u j‘ f (x)dx

: b b-¢
Vay j f (x)dx = lim [ f(x)dx (1)
Chay 3.4

+ Néu giéi han & vé phai cua (1) ton tai hiru han, ta néi tich phin suy rong
nay hdi tu va f kha tich trén [a,b]. Néu khong ton tai hodc ton tai v han ta noi
tich phan suy rong dé phan ky trén doan [a,b].

+ Gia sir ham f(x) khong bi chdn trong [a,b] eR.

Ta xét f(x) bi chan trén moi doan y A
[a,b - €] voi Ve > 0; € € (0;b-a),
nhung khong bi chan trén [b - €; b].
Khi d6, b goi 1a diém bat thuong.
Y nghia hinh hoc:
Vé mit hinh hoc, (voi f(x) > 0) tich
b

v

0

phan suy rong I f (x)dx O trén l1a di¢n

Hinh 3.3

tich hinh thang cong vo han (Hinh 3.3)
ii) Tuong tu, cho ham s f(x) xac dinh trén (a,b] khong giéi ndi khi x—a+0
(Tuc la IimO f(X)=o).

b
Khi do Iin(l j f (x)dx goi la tich phéan suy rong cta f(X) trén (a,b].

b
Ky hiéu j f (x)dXx.
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b b
Vay j f (x)dx = lim j f (x)dx

a+e

()

Pinh nghia 3.5 Cho ham s6 f(x) xac dinh trén [a.Xo) U ((Xo,b] va khong gidi ndi

Khi X—X, (Tuc 1a lim f(x) = o).

Khi d6 j‘f(x)dx=]2 f (X)dx + ]1 f (x)dx

Xo—&
= lim jf(x)dx+|im
0" " 0"

Xo+&

T f (x)dx

©)

Chuay 3.5 Ta noi tich phan suy rong nay la hoi tu khi va chi khi ca hai tich phan

suy rong & vé phai hoi tu. A
Ta noi tich phan suy rong nay la y
phan ky khi co6 tich phan suy rong
nao d6 & vé phai phan ky
Y nghia hinh hoc:
Vé mit hinh hoc, (v6i f(X) > 0) tich
phan suy rong loai nay la di¢n tich

y=f(x)

y=f(x)

hinh thang cong v6 han (Hinh 3.4).

Xo
Hinh 3.4

Z

Xr

Pinh nghia 3.6 Cho ham s6 f(x) xc dinh trén (a;b) va lim f(x) = oo; Iirrblf f(x)=c0.

Khi dé Tf(x)dx:j f(c)dx+jl f (x)dx

b b-¢
= lim [ f (x)dx + lim j f(x)dx (4); véia<c<b.

&0
a+e

Vidu 3.2 1) Tinh céc tich phan suy rong sau:

Giai. a) j_: lim_ | —
0

= Iim+[ln|x—]1‘1;8]

= lim (Ing - 0) = —0.

e—0"

c

Vay tich phan suy rong nay la phan ky.

cdx . ¢ odx
b) ?[ﬁ:!ﬂl O'L'ﬁ

— lim (\/5 3

e<0"
= lim (2 - 2/¢) =2

e—0"

Vay tich phan suy rong nay hoi tu.
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dx
NJ1-x?

Giai. Diém x = 114 diém bat thuong cua f(X)=

2) Tinh tich phan I
0

1—x?

\ 1 Y \ " .
Ham f(x) =———— bi chan va kha tich trén moi doan [0; 1- &].
V1-x%°
l-¢
Tacé I o _ arcsin x
o V1-x?
=arcsin(l— &) —arcsin0

1 1-¢
dx . dx
Do d6 =lim
!). 1-x? %% Vy1-x2
= Iin]) arcsin(l-—¢)
:arcsinlzz.
2
t o odx Vs
Vay I =arcsinl==—.
0v1— X2 2

b
3) Xét sy hoi ty cia tich phan: | % (b>a; 0>0).
* (x-a

b 1 _ 1-a _ 1-a . H
Giai. Taco: [ - — gl e | kh a1
AT i —a)—ng khi o =1
7 Khi o # 1. Ta cé:
b
Véia > 1: im [ % = 1 fm[b-ay -]
P o (X — a)a 1—¢ 0
b
Do d6 ! x_a) phan ky.
b l-a
Véia < 1: im [ %~ jim[p-ay —pe]- 02T
£-0 o (X_a)o‘ 1— ¢ 0 11—«
b
- (x—a)”

1 Khia=1.Taco
Iirrg)[ln(b—a)—ln gl =.

b
Do do [~ % phanky.
- (x—a)”
b
Viy [~ hoi tukhi « <1 va phan ky khi a >1.

- (x—a)*
3.3 CAC PINH LY SO SANH CUA TiCH PHAN SUY RONG
Pinh ly 3.1 Gia st f(x); g(x) kha tich trén [a,b]; Vb > a va Vxe [a;+x);
f(X) > g(x) > 0. Khi d6

trén doan tich phan.
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i/ Néu If(x)dx hoi tu thi Ig(x)dx hdi tu.

ii/ Néu I g(x)dx phan ky thi I f (x)dx phan ky.
Pinh ly 3.2 Gia str f(X) > 0; g(X) > 0; VX > a kha tich trén [a,b] v&i Vb > a va
lim ——= (%) =K. Khi d6

x-b™ g (x)

b b
i) Néu K = 0 thi tr J'g(x)dx hoi tu suy ra J' f (x)dx ciing hoi tu.

b b
i1) Néu 0 < K < +oo thi If(x)dx va Ig(x)dx c6 cung tinh chat hoi tu hoac
phan ky.
b b
ii1) Néu K=+oo thi I g(x)dx phan ky suy ra J' f (x)dx cling phan ky.

Vidu 3.3 1) Xét sy hoi tu ctia cac tich phan suy rong sau:

FIn(1+x)
a) b) [——d
jx +2X ) '1[ X X
cne 1 1
Gidi. a) Taco <= vx>1.
X°+2X X
Ma I—shéitu(Vicé:a=5>1)
X

1

Do d6, theo dinh 1y so sanh 1, suy ra
oA A
I hoi tu.

b) Ta c6: In(1+ x) > 1 khi x > (e-1).
In(1+ x) >1

Do do6 .
X X

.1 , < ~ 'fd :
Vi < >0 khi x > 1 va tich phan I— phéan ky (o = 1) nén theo dinh 1y so sanh 1
1
thi [204%) g 12 phan ky.
X
1
2) Xét su hoi tu cua cac tich phan suy r6ng sau:

xarctgx
a >0
) '[\/1+x b) -[ e In X (a>0)
Giai. a) Xét ham khong am f (x) = gy VA g(0) == (khi x>1).
V1+x3 \/_
Taco lim ) = lim xarctgx x=C-K.
X—>+00 g(x) x40 14 X3 2
= d 1

Do d6 tich phan |—= phanky (o = — <1).

p ! P =2 <1

Do d6 tich phan ban dau phan ky theo dinh 1y so sanh 2.
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b) X6t ham (x) = ————— >0 khi X > 2 va ham g(x) = — >0.
X" In” x X2
1+5
Ta co: iim ) _ jim X—
X—>+o0 g(x) X—>40 Xl*'“ |n X
= lim =0 (VP).
e Inﬂ X
Do [a(xdx = jﬂ hoi tu (1+ < >1)
0 2 Xh? 2
nén I l+d—xﬁ; (o0 >0) hoi tu theo so sanh 2
> X7 n” X
Chuy 3.6 .[ — adl i ; (o> 0) phan ky theo dinh 1y 2.
X
2
dX 13 a1 o
Do chon Ig(x)dx: IT la phan ky (1- > <1).
0 2 X °?

3.4 SUHOI TU TUYET POI.
b
Pinh ly 3.3 Cho ham so f(x) kha tich trén [a,b]. N&u tich phan I | f (x)|dx hoi tu

b
thi tich phan I f (x)dx cling hoi tu. Piéu nguoc lai khong dung.

Vi du 3.4 Xét sy hoi tu cua tich phan I szx
X

1

dx .
Giai. Ta co

SI; X < X— nhung I —1a hoi tu theo dinh 1y vé hdi tu tuyét doi.
X
1

Chay3.7
1) Thong thuong déi v6i tich phan suy rong 10ai hai nguodi ta thuong so sanh

(néu a 13 ky di); I ) (néu b 1a ky di). Hai tich
- X

dx

véi tich phan sau: I
(x— a)

phan trén la hoi tu khi va chi khi a < 1.

2) C6 thé thuc hién phép d6i bién sé va phép tich phan ting phan dé tinh cac

tich phan suy rong.

Ta khong di sau vao chi tiét ma chi xét vai vi du minh hoa.

, . " dx
Vi du3.5 a)Tinh I _!‘\/(x—a)(x—b)
Nhan thay rang I c6 2 diém bat thuong x = a, x =b.
Thuc hién doi bién sb6: x—acos*t+bsin’t ta chuyén I vé dang tich phan thdng
thuong:

g7
|=2jdt=

b) Xét sy hoi tu cua tich phan I COS X i

44
ThS. Phan Ba Trinh - Truong Pai hoc Pham Vin Béng



Bai giang Giai tich 2

Lay tich phan ting phén, ta dugc:

“Tcosx sinx[+© “Fsinx
.[ dx = +_[—dx
T X x [ T X
, A Fsi “ 4 . sinx|+©  —sinl ;.4 ~
Tich phan I—S'n Xdx 14 hoi tu Va—1 = Ia hitu han.
X X
1

Vay tich phan da cho hoi tu.

3) Tich phan v&i cn v6 han 1= f(x)dx luén c6 thé doi bien dé dua vé tich

phan vé6i can hitu han (suy rong thong thudng); Chang han a > 0, d6i bién % :
1

Khi d6 Tf(x)dx=ff(t)f_2t.
a 0

b
Nguoc lai, tich phan suy rong I f (x)dx voi b la di€m bat thuong duy nhat, ta co

thé dua vé tich phan suy rong vdi cdn vo hatu. Chang han thuc hién phép doi doi
bién.

b ©
bat x= b—%, ta duoc I f(x)dx = I f(b —%)?—Zt la mot tich phan suy rong c6 can vo

han.

3.5 CONG THUC NEWTON-LEIBNITZ
Gia str F(x) la nguyén ham cua f(X) trén [a;+o0).
Ky hiéu bIim F(b) = F().

Khi dé Tf (X)dx = F(x0) - F(a).

Vi du 3.6 Xeét sy hoi tu va tinh tich phan (truong hop hoi tu) cua cac tich phan
Sau:

T odx v dx
Sl v D)3 = [y
Gisi. a) Taco [-%, ~arctgx +C.
1+X
Theo cong thirc Newton-Leibnitz, ta duoc:

I X __ arctg (+o) —arctg (0) = z
1+x 2

> =
0

Vay tich phan I hdi tu va gia tri cua no la: %

Ta cé dx 2x+1 4 2x+1
p— t —_— p— F .
b) Ta co I(x2+x+1)2 3(x2+x+1)+3\/§arcg( V3 j ()
A dx Ar
\Y% 2 F(+00)— F(—0) =&,
» _-[O(x2 +X+1)? (40) = F(==0) 3V3
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Bai 4
UNG DUNG CUA TiCH PHAN XAC PINH

4.1 Tinh dién tich hinh phing.
a. Dién tich hinh phang gi41 han béi
cac duong y = f(x); y = g(x) lién tuc y 4

trén [a,b] va cac duong thing x = a, x f(x)
= b (Hinh 4.1) dugc tinh theo cong
thtrc:

S= j.|f(x)—g(x)|dx.

b. Dién tich hinh phang gii han boi
duong cong cho theo phuong trinh

g(x)

v

x =x(t) y=y(t) va cdc duong
X=a; X=Db, truc Ox duogc tinh theo
cong thirc:

S:ﬂﬂﬂwakt

V6ia=x(t,) b=x(t,); x(t), x'(t); y(t) lién tuc trén [t,; t,].
c. Dién tich hinh phang gi6i han boi dudng

y = f(x) va truc Ox trén nira doan [a; +0) 4 Y

(Hinh 4.2) duoc tinh theo cong thic:

S= T|f (x)dx

~

|
|
i

N | Yy =f(x)

Chuy3.1 i

1. Néu phuong trinh dudng cong cho | ' ' | T
dudidang  x=o(y); o(y) lién tuc trén =
[c;d] thi dién tich hinh phang gi6i han boi Hinh 4.2
x=o¢(y); y=c; y=d; Oy duoc tinh theo cong thirc:

5= floly)ay.

v

2. Trong hé toa do cuc, dién tich hinh quat cong gidi han boi cung AB ciia
duong cong r=r(p) lién tuc [o; B], véi haitia p=o; =
(Hinh 4.3) duoc cho bdi cong thirc:

1t
S= E;[r (oo
4.2 P} dai dwong cong phing.
a. Cho ham s y = f(x) lién tuc va c6 dao ham lién tuc trén [a; b], goi cung AB 2

d6 thi cua f(x), x e[a;b]. Ta dinh nghia d¢ dai s ctia cung AB VA tinhs.
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Trén cung AB liy nhitng diém: M, (x,:f(X, ), .o M, (X, F(X,),..os M, (X, :F(x, ) Vi
X, =a; X, =b(Hinh 4.4).

Ta goi do dai s ciia cung ABla giéi han cua duong gap khiuc MoM... M, khi s6
canh cua duong gap khuc tang v6 han sao cho d dai canh 16n nhat cia n6 dan
t61 0, nghia la:

A

Yy
B
r=r (o)
A
0 CL > : i i X
| P 0 [Xo=a Xi1 Xy
Hinh 4.3 _ Hinh 4.4
s= ym);Mi_lMi :
Trong d6 A =maxM, ;M;.
Hién nhién ta c6 M, M, =/(Ax, ) +(ay, )’
voi AX; =X =Xiqr AY; =Y —VYiy-

Theo cong thire Lagrange ta c6
Ay, =f(x,)-f(x,,)=F'(c;)Ax,, v6i x,, <c¢, <X,.

Do d6 MM, = 1+[f'(c, f Ax;
Suy ra s:lxim)zn:wllJr[f’(ci)]zAxi.

Vi 1+ [/ (x)] lién tuc voi x e[a;b] nén ham sb \1+[f'(x)[ kha tich trén [a;b].
Do d6 1uon tdn tai do dai s, va theo dinh nghia tich phan xac dinh, ta c6

s :j.\/1+[f’(x)]2dx (1)
Vay do dai cung AB duogc tinh theo cong thiic
b
s= J}/1+ (y'fdx.

b. Néu dudng cong cho dudi dang tham sb
‘ x=x(th y=y(t) telo; p]
thi tir (1) chi can thay dx boi:

(ot (x)= 2 - ){8

Ta c6 cong thirc s = TJ [x’ (t)]2 + [y’ (t)]2 dt.

47
ThS. Phan Ba Trinh - Truong Pai hoc Pham Vin Béng



Bai giang Giai tich 2

c. Truong hop duong cong cho trong hé toa do cuc
r=r(o) pelwpl. V

{X = r(cp)-coscpj{ ( ) r'(¢).cosp—r(o)sin g
y=rle)sing " |y'(¢)=r'(¢)sino-r(p)cose
Suy ra K @]+ (@) =[r@] +[r' ()]

Viy s=[[r(o)f +[r'<<p>] do.

Chay 4.2

(1) Néu s 1a do dai cung AM, va dd thi ctia ham sé f(x) lién tuc cling

vGi dao ham £/(x); trong 46 A(a;f(a)) 1a mot diém cd dinh va
M(x;f(x)), ta co:

= I‘/“ [F/ @) dt.
Tur d6 suy ra ((j:i_)s( —1+[f'(x)] , (dao ham theo can trén).

hay ds =1+ [f'(x)] dx. Pay 1a cong thire vi phan cung.
Cong thuc trén ciing c6 thé viét dudi dang:

(ds)" = (dx)" +(dy)’
hodic sy = {x' OF + [y’ 0 (@) .

(2) Trong toa dd cuc, cong thirc vi phan cung c6 dang:

ds = \/[r((p)]2 + [r’ ((p)]2 do.

4.3 Tinh thé tich vat thé
4.3.1 Vit thé bat ky
Thé tich vét thé hitu han gi6i han ya
bo1 mot mat cong va hai mat phang
X = a; x = b, c6 thiét dién cat boi
mit phang vudng goc véi truc 0x

tai x, a<x<b (Hinh 4.5) 12 S(x) : |
lién tyc trén [a;b] duoc tinh theo /] “ y
cong thirc: | i S()c) :
b PN | o |
V= IS(x)ix : ol |a })/
- 432Vvat thé tron xoay .
The tich vat thé tron xoay do hinh thh4.5

thang cong gidi han boi duong
cong Xx=a, X =h,

y = f(x) lién tuc trén [a; b], truc 0x
(Hinh 4.6) quay quanh truc 0x
duoc tinh theo cong thuc:

= R.T [f(x)[? dx
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O day:  s(x)=n[f(x)].
4.3.3 Tinh dién tich mit tron
Xoay
Xét cung AB, db thi ctia ham sé y
=f(x) ,x e[a;b] vai f(x);, f'(x) lién
tuc trén [a,b],
Cho cung AB , quay quanh truc 0x
tao thanh mat tron xoay (Hinh 4.7).

Khi d6, di¢n tich cia mat tron xoay
nay duogc tinh theo cong thuc:

S= 2nj.|f(x)|w/1+ [/ (x)F ax.

Chliy4.3

1) Néu vat thé tron xoay c6
duoc do
duong cong x =o(y); o(y) lién tuc
trén [c;d], y = ¢; y = d, truc Oy thi
the tich la:

V= niwz(y)dy-

2) Tuong tu dién tich mat tron xoay la:

Hinh 4.7

5= 2n]Joly N1+ [o' () .

Vi du 4.1 Tinh dién tich hinh phang gi¢i han béi cac dudng:

2
y = Xx?; yzx?; y =2x (Hinh 4.8).
Giai. 7 ‘
Dién tich cua hinh phang can tim la:
S=51+S,;

4 NG N
Véi Slzj(xz——de:— =
) 2 6| 3

4 2 3 4
SQZJ-(ZX—X—]dX=(X2—X— _8
) 2 6), 3

ViyS=S: +S, :%+§:4 (dvd).

Vidu 4.2
Tinh dién tich cua Elip (Hinh 4.9)
2 2
:—2 + % =1 hodc
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. 0<t<2r.
y =Dbsint

Giai.
Vi sy do1 xtng cua Elip nén di¢n

{x =acost

v

tich cua Elip duoc tinh theo cong a

thuec:
S:4jgx/a2 —x2dx
0

a

= mab

= 4(ﬂarcsin§+£ a’ —xzj
2 0

a Z2a

AT

Hinh 4.9

Néu dung cong thire tinh dién véi Elip cho dudi dang tham sb ta dugc:

T T

2 2
S= 4j absin? t.dt = 2abj(1— cos2t)dt = mab
0 0

Ay

Vi du 4.3 Tinh di¢n tich hinh gi&i han
boi duong Cycloide (Xycloit):

x =a(t—sint)y =a(l-cost), (0<t<2n)
va truc 0x (Hinh 4.10). -
Giai.

v

Ta c6 cong thirc: 0
2z
S= I a?(1-cost)’ dt
0
2z

a’ [Et—ZSintJr
2

4sin ZtJ
=3ma’ (dvdt).

Vi du 4.4 Tinh dién tich gi6i han boi
duong hinh tim r=a(l+cose)a >0 cho
trong toa d6 cuc (Hinh 4.11).

Giai. Ta co

1TE 2 2
S:Zb'([a (1+coso) d(pJ

0

azji(1+ 2C0S@ + COS° (p)jcp
0

T

3 ] 1.
=a?l Zp+2sinp+=sin2
(Z(P ¢ 4 (P)

0

- gnaz (dvdt).

Hinh 4.10

Hinh 4.11
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Vi du 4.5 Tinh 46 dai d cua duong
cong y=Inx tir diém c6 hoanh d6 y
x, = /3 dén diém c6 hoanh d¢ x, = /8 B -+

(Hinh 4.12). |
Giai. Ap dung cong thurc tinh do dai A |

, ¢ |
cung phang L = J‘\/1+ (y’)2 dx ta co do 1 '/! !

/I
dai cung AB da cho la: 0 V3 V8

N > / Hinh 4.12
d= 1/1 In’ d
JL +[n (x)] X

v

B
:I,/1+i2dx
\ﬁ X
_fdx%ldx
\ﬁ X
Pat u=vx?+1=u? =x*+1=2udu = 2xdx; x* =u® -1;
X = 3:>u=2;x=\/§:>u=3.
3 3
A u.u.du 1
Va d= =11+ u
Y -!uz—l -2[[ u2—1jd
3
“fustpu=t :1+1In§,(dvd).
2 Ju+ll), T2 2

Vi du 4.6 Tinh d§ cung cua Parabol y = 2—1px2 :p>0 lay tir gbc toa do dén diém
M c6 hoanh d0 x.

Giai. Ta co s:j‘\/1+(y’)2dt:%]' t2 +pldt
0 0
:%Et,/t2 +p?+ p° In(t+\/t2 +p2)}

X

2

0

X 7 P, X+yx*+p°
X P X2V =P
20 X*+p* +In >
Vi du 4.7 Tinh d¢ dai cua Xycloide:
x=a(t—sint) y=a(l-cost) (0<t<2x).

2z
Giai. Ta c6: s= J'a\/(l—cost)2 +sin® t.dt
0

2r t t 2r
=2ajsin—dt =—4acos—| =8a
0 2 2 0

Vi du 4.8 Tinh thé tich vat thé tron xoay do hinh phang gidi han bai cac duong:
y=x%y=+/x quay quanh truc 0x (Hinh 4.13).

Gidi. The tich cua vat thé da cho 1a: V= V1 - V,

Vi V1 1a vat thé tron xoay do hinh phang gidi han boi y =/x; x=1, truc 0x;

quay quanh 0x:
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Ya
1 2|1 — 2
V1=nf(\/;)2dx=nx— =I, V=X Ny
0 2 0 7/
va V do hinh phang gidi han béi cac >

duong y =x?*; x=1 va tryc 0x; quay
guanh 0x:

v

1 5|1
V, = nj(xz)zdx AN
0 5 0 5
Viy VAL L )
2 5 10 Hinh 4.13
Vi du 4.9 Tinh thé tich cta Elipxait:
X2 y2 ZZ
a—2+F+C—2 :1.

Giai. Cit Elipx6it boi mot mat phang vudng goc véi truc 0x tai diém c6 hoanh
do x, x e[-a;a] (Hinh 4.14), ta dugc thiét dién la mot Elip ¢6 phuong trinh:

y2 ZZ X2
e e
2 2

hay y + z =1

2 2 2 2
X X
(b 1J ( 1J

Ma dién tich Elip nay co6 gia tri:

S(x)= ﬂ[b\/l—:—i][c\/l— :—EJ
i

Do vdy thé tich V cua Elipxoit 1a:
Ma dién tich Elip nay co6 gia tri:

S(x)= ;{b\/1 - :—z}[c\/l— :—EJ

Do vay thé tich V cua Elipxéit la:

V= j-S(x)dx:ﬂbcj.[l—Z—zjdx = 27Zbcj.(a2 — X2 )
het ta 0

a~2
27bc [ X j )
=——|a’x——
a 3 .
Vi du 4.10 Tinh thé tich cta vat thé tron xoay tao boi Elip
XZ y2

+_
a’ b’

CHinh 4.14

=1
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khi cho Elip quay quanh truc Oy.

cxe N 2 a
Giai. O day 9*(y)=x? :F(b2 —y?).
2
Do do V:ﬂjb—z(bz—yz)dy
b
aZb , )
:Zﬂb—l(b -y )dy
b
a2 y3
—272 |p2y Y
ﬁb( g 3]
0
=—a’b.
. 4
Vay V:Ea b (dvtt).

Vi du 4.11 Tinh dién tich ctia vong xuyén sinh bdi dudng tron:
x?+(y—b)* =a?; (b>a) quay quanh tryc Ox (Hinh 4.15)

Giai. Dién tich cua vong xuyén Y,
bang tong hai dién tich bdi nira vong
tron trén khi quay quanh Ox. Nua
vong tron trén cd phuong trinh:

A

b
y=b++a®-x?; ntra vong tron dudi
c6 phuong trinh 0 >

y=b-+a*-x’ Hinh 4.15

Trong ca hai trudng hop ta dé co:
2 x°
(y/) - a2 _x2’
Ap dung cong thirc tinh dién tich mét tron xoay, ta co:

a 2 a 2
S=2nj(b+\/a2—x2 Lll+ 2X 2dx+2n_|.(b—\/a2—x2 Lll+ 2X ~dx
A a’—x LA a’—x

dx
Ja? - x?
dx

va? —x?

a

. X
=8mab.arcsin—| .
a‘O

b
:47zabj'

= 87zabjil
0

Vay S=4r*ab.
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BAI TAP CHUONG 2.
TiCH PHAN XAC PINH

1. Tich phan xac dinh
Dung dinh nghia tich phan xac dinh dé tinh:

1) lim i+£+ ..... +n_—l 2) Iiml\/1+1+\/l+z+ ..... + 1+E
N—>+o0 n2 n2 n2 n—oo N n n n

Tinh céc tich phan:

2In 2 7 27
3) f 5) | e*.cosxdx 6) [V1-cos2x.dx
0 4%% + 4% +5 no € — 0 0
Ap dyng dinh 1y trung bmh, so sanh cac tich phan:
1 1 5 T 27 5
) lp=fe7Xdx; lp=e dx  8) Ip=e < cos? x.dx; ;= [ e cos” xdx
0 0 0 7
Dung dao ham theo can trén, tinh I’(x) néu:
x2 VX
2
9) 1(x)= [ e dt 10) [cost.dt
%
Tim:
sin x
X Jtat.dt
j(arctgt)zdt . I
12) I|m
11) lim 2 0* tgx
X+ [y2 11 j«/sm t.dt
Dfmg cong thirc Newton - Leibnitz, tinh cac t|ch phan:
2 2
13) j dx 14) js'”('”x) dx 15) [fL- xjdx
0Vx® +4 0
Dung phuong phap tich phan tirng phan, tinh céc tich phan:
7 V3 z
16) Ix.cosx.dx 17) J' x.arctgx.dx 18) j' e?* sin3x.dx
0
Dung phuong phap doi bién sd, tinh céc tich phan:
1 2 2
V1-x Vx2 _
19) | ———dx 20) [ ~Lax 21) j
f% X 1 X 1(1+ X )

2. Tich phan suy rong

Tinh cac tich phan suy rong:
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1
#) 'ix +X—2 %) '[(x +x+1) £(2 X)\/— ) g—
Xét su hoi tu cua céc tich phan:
26) j 4& 27) j alrCtgxdx 28)J1' 29)} Inx
—X“+5 \/ﬁ 01+x
30) j'”(l”)d 31)ojo _Xz dx  32) j(l cos< )dx 33) j“xz
L x2dx
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CHUONG 3.

CHUOI SO VA CHUOI HAM
Bai 1.
CHUOI SO

1.1 PINH NGHIA

1.1.1 Pinh nghia chudi sd
Cho day vo han céc s6 thuc ug, Uy, ..., Un, ... . Khi d6 tong vo han:

U+ U+ ... +Un+...=Du 1)
=1

duoc goi 1a chudi so.
Cac sO ug, Uy, ... dugc goi la so6 hang cua chudi s0, un bi€u thi s6 hang tong quat
z < 18 LA A . , , X: X
cua chuoi so Sp = ) u, duoc goi la tong riéng (Partial sum) thtr n ciia chuoi so.
k=1
1 o0

, x. X 1 1., X: A 2} \
Vi du 1: Chudi s6 1+§+...+—= = 1a chudi so6 di€u hoa.
n 4n

1.1.2 Sw héi tu, phan ky ciia chudi s6

Pinh nghia. Cho chudi s6 du, vaSyla tong riéng thtr n ctia no.

n=1

i) Néu gidi han sau ton tai va hiru han : S = lim S . Ta goi chu6i s6 ) u, hoitu
n—oo =1

ve S va chuoi (1) 1a chudi so6 hoi tu.

ii) Néu lim S, khong ton tai (hoic Sy — « khi n — o) thi ta néi chudi sé (1)

n—oo
phan ky va n6 khong c6 tong.
S6 Ry=S-Sn= Un+1 + Uns2 + ... duoc goi 1a phan du ciia chudi sd.

Vi du 2: Xét chudisé: a +aq +ag2 + ... + aq™t + ... = iaq“‘l (@=0,q=1);
=1

(*)
Pay la cap s6 nhan vo han co cong boi 1 q.

_a-aq"  a aq

S, = == -
1-¢ 1-q 1-g¢

. Néu|q|<1,q”—>0khin—>oo,dodé: IimSn:Iim( a _« j: a
n—ow n—o ]__q ]__q ]__q

Vay, khi |q| <1 thi chudi s6 trén hoi ty va téng ctia nd 1a S:ﬁ
£ n . . a—aq" . T
e Neéu |q| >1, 9" —> o khin— o, va T —+o0o khin — oo, tirc 13 lim S,

khong ton tai. Vay, khi |q| > 1 thi chudi so trén phan ky.
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e Néu lq|=1,Sy=a+a+..+a=na,thi lims, =oo. Chudi sO trén phan ky.

Tém lai, chudi s (*) hoi tu khi va chi khi |q| < 1.
1.2 PIEU KIEN CAN DE CHUOI SO HOI TU
1.2.1 Dinh Iy 1: Néu chudi sé 3 u, hoi tu thi:

n=1

lim u, =0 @)
Chtrng minh:
Neéu chuoi s6 (1) hoi tu thi
lims, =S,
Trong d6 S 13 tong cta chudi sd. Ta ciing co:
limS, , =S.
Vay:
limS, —lmS, , =0
hoac
lim (S, S, ,)=0
Vi Sn _Sn—l =U,,
nén

limu, =0

n—o
1.2.2 H¢ qua: Cho chudi sé6 Y u, . Néulim u, =0 (hodc khong ton tai
1 n—oo

limu, ) thi chudi sé phén ky.
Chéng han, chudi sb
1 2 3 n

Sttt +
3 57 2n+1

" ] ] 1
han kv vi limu = fim — ==
p y N N n—w 2n +1 2

Chua y: Pinh 1y 1 cho ta diéu kién cdn nhung khong phai 1a diéu kién da dé
chudi sb hoi tu. Nghia | diéu nguoc lai chua chic dng, hay cin dugc pht biéu:

Néu ci lim u, =0 thi chua chac chudi so Zun hoi tu.

n—oo
n=1

PR X 4:A \ 1 1 1
That vay, chuoi diéu hoa 1+E+§+'"+ﬁ+"'

la chuoi s6 phan ky, mac du

lim u, =lim l:0.

n—oo n->wo N
C6 thé chtirng minh su phan ky cua chudi s diéu hoa nhu sau:
Taco
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1 1 1 1 1 1
+—+—+—+—+—+— ) (a)
10 11 12 13 14 15 16
Xét chudi sd phu
1 1 1 1
I+—+(=+)+(=+=
2 (4 )(8 8
1 1 1 1 1 1 1 1 1

+H(=+—=+—=F+—+—+—+—+ )+ (=+..+—) (b)
16 16 16 16 16 16 16 16° 32 32

Ki hiéu S la tong riéng cta chuoi so dicu hoa (a) vas”la tong riéng ctia chuoi
sO (b). Vi moi so hang cua chuoi so (a) 1o6n hon hoac bang moi so0 hang tuong
ung cua chuoi so (b), nén véimoi n>2,tacd S® > S (c)

Tinh tong riéng ctia chudi s6 (b) d6i vdin = 21, 22,23, ..

S N ; S :1+1+(1+1)=1+ 2.1;
2 2 2 4 4 2
S _1+l+(i+l) (1+1+1+1)=1+3.1
2 4 4 8 8 8 2
@ 1. co 1
Tuong tu Si :l+4'§’ Sa :1+5.§, .....
Mot cach tong quat S§ =1+ k.%.

Vay, d6i v6i chudi sb (0): lim S©@ = oo,
Do bét dang thire (c), ta cd: lim S® = oo, ching to chudi sé diéu hoa phan ky.

1.3 TINH CHAT CUA CHUOI HQI TU
1.3.1 Pinh 1y 2: Néu chudi s6 iun héi tu va tong ciia né la S thi chudi
n=1

s0 Y cu, ciing hoi tu va co tong cS
n=1

1.3.2 Pinh 1y 3: Néu cdc chudi s6>u, , v, héi tu thi chudi sé
n=1 n=1

D (u, +Vv,) hoi tu va
n=1

DUy +v,) = DU+ Dy,
n=1 n=1 n=1

1.3.3 Pinh ly 4: Néu chudi s6 héi tu thi chudi sé thu duwoc b(jng cach
cong vao hodc trie di mot so hiru han cdc so hang ciing hoi tu.
Phat bi€u cach khac:

Néu chuoi so hoi tu thi phan dw bat ky cua no ciing hoi tu. Ngwoc lai, néu
phan du nao do cua chuéi s6 hoi tu thi chuoi so do ciing hoi tu.
Khi do, ta co:
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va S=Sm+Rn
1.4 PIEU KIEN HOI TU CAUCHY

1.4.1 Dinh Iy 5 (Pidu ki¢n cAn va di dé chudi sb hi tw): Dé chudi sé Yu,

n=1
héi tu diéu kién can va di la véi moi &> 0 ton tai s6 N(g) sao cho voi moi n >
N(g) va so nguyén bat ky p > 0, bat dang thicc sau day dwoc thoa man:
+..4+U, . |<& 3

n+1 n+p

Tir diéu kién hoi tu Cauchy ta c6 thé nhan dugc diéu kién can dé chudi sé héi tu

(2). That vay, trong bat dang thirc (3) ta dit p = 0, ta c6 v6i moi n > N(e):

lu,|<e.Doe>01a s6 bé tlly ¥ nén bat dang thirc d6 twong duong véi diéu kién:
nIiLnocun =0.

1.5 TIEU CHUAN SO SANH POI VOI CHUOI SO DUONG
1.5.1 Pinh Iy 6 ( Tiéu chuan so sanh 1): Cho hai chudi sé dwong

U+ U+ ...+ Un+...= Dy, 4)

VitVo+ .+ Vp+ =Dy, (5)

va Un < Vn (voi moi n=1,2,3,......).

i) Neu chuoi s6 ) v, hoi tu thi chuoi s6 D u, hoi tu.

n=1 n=1
ii) Néu chuoi so6 > u, phdn kp thi chudi sé Y v, phdn ky.
n=1 n=1
Vidu 3:

1) Chudi sb Z\/_ phan ky, vi \/1_ >% vGi moin> 1.
n

Chudi s diéu hoa iﬁ phan ky nén chudi sé da cho phan ky.
n=1

2) Ch
) Chudi s6 Z_lan”

Nhung chudi sd Z hoi tu nén chudi sé da cho hoi tu.
—1

0 © sa 2
X. X SIN" N
3) Chuoisd Y u,= >,
n=1

n=1

- 1 . .
hoity, 0 <u, < o voimoin=>1.

\ x- A1 oA N Xe A a4~ e
Vi chuoi s6 Zz—n hoi tu nén chuoi s6 da cho hoi tu.
n=1
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1.5.2 Pinh ly 7 ( Tiéu chuin so sanh 2 ): Néu ton tai gioi hgn lim Y g :

n—oo Vn
trong do k hitu han va khac 0 ( truong hop dac biét, k = 1, tirc la un~ Vi ) thi cd
hai chudi s6 duong Y u, va > v, dong thoi héi tu hodc phén k.

k=1 n=1

2n
~ 7 * 2
Vi du 4: Chudisé > 2" - phanky, vi fim 31 =1 %
n=1 —_ n—oo +
n
Chtrng minh chudi diéu hoa 13 phan ky.
Xét hiéu hai tong riéng twong ing Szn VA Sp:
1 1 1 1 1 1 1
S,,—-S, = —+ ot —>—+—+.+—==
n+l n+2 2n  2n 2n 2n 2

Bit dang thirc nay chtng to v6i p = n chudi diéu hoa khong thoa mén diéu kién
héi tu Cauchy, do d6 né phan ky.

1.6 TIEU CHUAN D'ALEMBERT DPOI VOI CHUOI SO DUONG

1.6.1 Dinh 1y 8 ( Tiéu chuén d'Alembert ): Cho chudi sé duong u, , Uy >
n=1

0,n=1,2 3..va lim " _,

n—oo u
n

i) Chuéi sé hoi tu né'u’l < I ’ ,
ii) Chuoi so phan ky néu l > 1. Neul = 1, khong co ket luan
Vidu 5:

A L4 A 9 7\’ . /( > 1
1) Nghién ctru sy hdi tu ctia chudi so Z—I
n=1 N

Taco

. u . n! . 1
lim =L = [im =lim—=0<1.
n—w un n—w (n +1)| n—on+1

Vay, chuoi s6 da cho hoi tu.
n

*A 4 A 9 X A > 2
2) Nghién ctru sy hoi ty ctia chudi so > —
n-1 N

Ta co:
2n+l n

. u . . n
lim =L =1lim —=lm2— =2>1
n—o un n—o (n +:|_)2 n>o nN+1

Vay, chudi so da cho phan ky.
A 4 P 9 7\‘ M /( = n
3) Nghién ctru sy hdi tu cua chuodi s 1
~in+

Ta co:
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n+1
2
. u } .. h"+2n+1
lim =% — lim n+2:I|m2—=1
n—oo un n-o N n-o nN°4+2n
n+1

Tiéu chuan d'Alembert khong cho ta két luan nao ca. Tuy nhién lim Ll =1, tirc
n—oo n _|_

14 s6 hang tong quat tién dan dén 0 khi n — 0. Do d6 chudi sé di cho phéan ky.

4) Nghién ctru sy hoi tu ctia chudi s6 Y !
n=1 n(n +1)
Tacod
. u . .
lim =L = lim M—"m L =1

now Yy noe(n+1)(n+2) Cnoen42

Tiéu chuan d'Alembert khong cho ta két luan ndo ca. Tuy nhién
1 1 1

nn+l) n n+1’

Tir d6 co thé viét lai chudi s6 dudi dang:

1 1 1, 1 1, 1 1 1 1
S e W G Y e ISR e
n(n+1) 1 22 2 3 3 4 n n+l
Gian udc cac s6 hang gidng nhau, ta dugc biéu thirc cla tong riéng S, ﬂ—ﬁ :
+

Do do

n—o n—oo

lim S, = lim (1—i) -1
n+1
Vay, chudi s6 da cho hoi tu va téng cua nod béng 1.
1.7 TIEU CHUAN CAUCHY DPOI VOI CHUOI SO DUONG

1.7.1 Dinh Iy 9 ( Tiéu chudn Cauchy ): Cho chudi sé duong Y u, , tn >0,
n=1

n=1,2 3,.va limzu, =1,

n—oo

\) Chudi s6 héi tu néul < 1.

ii) Chudi s6 phan ky néu 1> 1. Néul = 1, khéng cé két ludn.
Vi du 6:
_n

2n +1)

1) Nghién ctru su hoi tu cia chudi s6 > (
n=1

Ta co:

. . n . n 1
lim y/u_=lim o " =lim ==<1
noew ¥ o (Zn +1) oo 2N+l 2

Vay chudi s6 da cho hoi tu.

A 4 A 9 : . f,\ X 1
2) Nghién ctru sy hoi tu ciia chuoi so Y —
n=1
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Taco lim 3fu, = lim Yn =lim L =0<1

n—oo n—oo n»wn

Vay, chudi s6 di cho hoi tu.

‘n , e , X A w1 X A a:A \
3) Nghién ctru sy hdi tu cua chuoi sé z = (chu6i so6 di€u hoa ).
n

Néu dung tiéu chuan Cauchy thi khong thé két luan gi duogc vi

lim yu, =limy/==1
n—oo n—o

(do Iimun:Inn\/I:Iim_lnn :Iim—n:O).
n

n—oo n—oo n n—oo 1

Tuy nhién, ta d3 biét chudi s6 diéu hoa 13 phan ky.

cn , - ) X Awe 1
2) Nghién ctru sy hoi tu cua chuoi sé Z —.
n=1 n

limu, =1In n/iz =In n/i.ln n/i =11=1.
n—oo n n n

Tiéu chuan Cauchy khong khang dinh chudi da cho hoi tu hay phan ky. Nhung

Ta co:

ta c6 thé thay rang:
1 1 1 1 1 1
< <=, ., <
2 12 3* 23 (n+1*> n(n+1)

Ma chudi sé Z ho1 tu nén chudi sd Z —hoditu.
n=1 n(n +:l-) n=1 n

1.8 TIEU CHUAN TiCH PHAN
1.8.1 Pinh 1y 10: Cho chudi sé dwong

z (6)

Véi cdc s6 hang giam, tikc la uy > Uy > Us > ... va ham fx) lién tuc, gidm sao
cho: f(1) = ug, f(2) = uz, f(3) =us, ..., f(n) = un.
i) Néu tich phan
[ £ ()ax (7)
1
héi tu thi chudi s6 (6) hdi tu
ii) Néu tich phan (7) phan ky thi chudi sé (6) phén ky.

Vidu7:
1) Nghién ctru sy hdi tu ctia chudi $b ni”
n=1
Ta so sadnh v&i tich phan cua ham f(x) = ip
X
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- Néup>1, J' f (x)dx = p—l tich phan hoi tu vay chudi s6 Z— hoi tu.
1

- Néu p<1, [ f()dx = o tich phan phan ky vay chudi sd zn—p phan ky.
1 n=1

- Néu p=1, [ f(x)dx = e tich phan phan ky vy chui s6 znip phan k.
1 n=1

1.8.2 Nhan xét: Tiéu chuan d'Alembert va tiéu chuan Cauchy khong cho

£, 1A x4 A LAs ) x. w1 Ar A
két 1an vé van dé hoi tu cua chudi so Z—p . That vay,
= n

lim 24— jim (—)p =
n—o u n—ow n+
va
lim f{/u_ lim n / = lim (¢ —)p =
1.9 CHUOI PAN DAU

1.9.1 Pinh nghia: Chudi dan dau 1a chudi sb c6 dang:
Ug-Ux+ U3z—Ug + ... (Véiun>0)
1.9.2 Pinh Iy Leibnitz: Cho chudi dan ddu
Ug-Ux+U3s—Ug + ... (Véiun>0) (8)
Néu cdc sé hang giam nghiém ngdt, tirc Id u1 > Uz > Uz > ... VA limu, =0 thi

n—oo
chudi sé (8) hoi tu va téng ciia né dwong va khéng vuot qua sé hang dau tién.
Vidu 8:

Chudi nay hoi tu theo tiéu chudn hoi tu Leibniz 1> % >% 5 % > VA

lim u, = lim l:O

n—oo n—>o N
2) Chudi dan d4u: 1- %% —%+ ... ciing hoi tu theo tiéu chuin hoi tu Leibniz
1>1101 0 vaim u, = lim 1o
2073 4 N> n—e
1.10 CHUOI CO DAU BAT KY HOI TU TUYET DPOI
VA NUA HOI TU
1.10.1 Pinh nghia: Chudi c6 déu bat ky
D u, )
n=1
duoc goi 1a chudi hdi tu tuyét d6i néu chudi
ol (10)
n=1
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ho1 tu.
Néu chudi (9) hoi tu nhung chudi (10) phan ky thi chudi (9) dugc goi 1a
chudi nira hoi tu, hodc chudi khong hoi tu tuyét ddi.
1.10.2 Pinh Iy 11: Cho chudi ¢6 ddu bat ky

ilun 9)

Néu chuoi tgo béi cac tri tuyét doi ciia cdc 56 hang ciia chuoi (9) > |u, |
n=1

(10) hoi tu thi chubi (9) hoi tu
Vidu9:
Xét su hoi1 tu cua chuodi
sina sin2a sin3a sinha
12 + 22 + 32 ot n2 (a)

trong d6 o 1a mot sd ndo do.

Ta 1ap song song vdi chuoi da cho hai chuoi sau day:

|sina| |sin2a| |sin3a| sinna
e T2 [T | n? )
N 1 1 1 1
va PO ©

Chudi (c) hdi tu. Cac sb hang cua chudi (b) tuong Gmg khong vuot cac sd hang
ctia chudi (c), do d6 chudi (b) ciing hoi tu. Tir dinh 1y 11 suy ra chudi (a) cling
hdi tu va nd hoi tu tuyét doi.

Chuoi diéu hoa dan dau
la chudi ntra hdi tu vi chudi cac tri tuyét doi cia cac s6 hang cia n6 1a chudi diéu

hoa 1+ 1+1. 1, phan ky.
2 3 4
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Bai 2
CHUOI HAM

2.1 MOT SO PINH NGHiA

Ta goi chu6i ham la chuéi ma trong d6 s6 hang tong quat 1a ham ctia bién so x.
Xét chuoi ham

Uy (X) + Up (X) + . + Un () + oo = DU, (¥) (1)

Cho dbi s6 x nhitng gia tri khac nhau, ta dugc cac chudi sb khac nhau. Cac chudi
s6 nay co thé hoi tu c6 thé phan ky.
Tap hop nhirng gia tri x ma chudi ham hdi tu duoc goi 1a mién hoi tu ctia chudi
ham d6. R4 rang 14, trong mién héi tu cta chudi ham, téng cua chudi 13 ham sb
ctia bién s6 x va duoc ky hiéu 13 S(x).
Vidu 1:
Xét chudi

I+ X+ X2+ L+ X+
chudi ham nay hoi tu khi bién x & trong khoang (-1; 1), tirc 13 tat ca x thoa man
diéu kién |x| < 1. Vi moi x trong khoang do, ta cé:

X

S(x)= -
ta biéu thi Sn(x) 14 tong n s hang dau tién ctia chudi ham. Néu chudi nay hoi tu
va néu S(x) 12 tong cta nod, ta co: S(x) = Sn(X) + Rn(X) .
trong d6 Rn(x) 14 phan du cta chudi (IL1)
Rn(X) = Un+1(X) + Uns2(X) + ... X
V&1 moi x trong khoang hoi tu ctia chuoi, ta co

lim S, (0 = 9.
do do

lim R, () = lim (S(x) - ,(x)) =0

tire 14 phan du Ry(x) ctia chudi ham hoi tu tién dan dén 0 khi n — oo.

2.2 CHUOI HAM HOQI TU PEU. PINH LY WEIERSTRASS.
2.2.1 Dinh nghia:

Chudi ham Zun(x) duoc goi 1a hoi tu déu trong doan [a; b] néuvéimoie >0

n=1
bé tuy ¥, ton tai sd nguyén duong N sao cho n > N, bat dang thic | S(x) — Sn(X)|
< ¢ dugc thoa man véi moi x € [a; b]
2.2.2 Dinh ly 1(Dinh ly Weierstrass ):

Néu chudi ham iun(x) (1) thoa man hai diéu kién:
=1
) U] < o Ju()] < @ |us(X)] < a5 ... Un(X)] < e ... vEi moi

X € [a; b]

i) o+ o+ a3+ ..o+ ... (%) la chudi dwong héi tu
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thi chudi ham (1) héi tu tuyét doi va déu véi moi x € [a; b]
Chirng minh:

Biéuthi S =0y + a2 + 03 + ....¥0n + ... (¥), ta c6: S = Sy + &, trong d6 Sy 13 tong

riéng ctia n s6 hang dau tién, &, 13 phan du cua chudi (*).
€n = 0Op+1 + Ope2 T ...
Vi chudi (*) hoi tu nén, ta co:

limS, =S

n—oo

Do d6
limeg, =0

Pit tong cua chudi (I.11) dudi dang:

S(X) = Sn(x) + Ra(X)
trong do

Sn(X) = u1(X) + ... + up(X)

Rn(X) = Un+1(X) + Uns2(X) + Unsa(X) + ...

Tu diéu kién cua dinh 1y, ta co

| Unea(®) | < otnes;
Do d6 | Rn(X) | < & v&imoi x € [a; b].
Vivay | S(X) = Sa(X) | < &n v&i moi x e [a; b] va gn—> 0 khin — .
Vi du 2:
1) Xét sy hoi tu ctia chudi ham

COSX CO0S2X CO0S3X cosnx
+ +ot +...

Un+2(X) | < oz,

1° 22 " 32 n2
. . , 1
V&i moi x € (-o0; +o0) , ta co : cosnx <= (n=123..)
n n

Ta biét chudi i2 hoi tu. Vay chudi dang xét hoi tu tuyét ddi, dong thoi hoi tu
n

n=1
déu voi moi x € (-00; +00)
2) Xét su hoi tu cua chuoi

n

, Xe[—l;l]

!\48
3<|><

n

X 1

<
¥/n

s
=

, Vxe[—l;l];Vn >1

3

Chudi s6 Z% hoi tu (theo tiéu chuén tich phan). Vay chudi dang xét hoi tu
n=1 R n

tuyét 61, ddng thoi hoi tu déu véi moi x e [-1; 1].
2.3 CHUOI HAM LUY THUA
2.3 .1 Dinh nghia:
Ta goi chudi ham luy thira 1a chudi ham cé dang:

atax +ax’+ .. +tax"+ .= >ax
=1

trong d6 cac hang s6 ao, a1, az...dugc goi 1a cac hé s6 cua chudi luy thira.

2.3.2 Dinh Iy 2 (Pinh Iy Abel ):
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) Néu chudi luy thira hoi tu voi tri s6 xdc dinh xo khac khong thi no hoi tu
tuyét doi véi moi tri s6 x thod man bt dang thire |x| < |Xo.

ii) Néu chudi luj thira phdn ky véi tri s6 xq thi né phan ky véi moi tri s6 x
thod man bat dang thire x| > [X0|.
Chirng minh: o
1) Theo gia thiét, chuoi s6

dp +aiXp + a2x02 + ... +an X"+ ...

hoi ty, s6 hang tong quat ctia nd
an Xo" — 0 khin — oo, Diéu do chung to ton tai sd M duong sao cho tit ca cac sb
hang gﬁa chuéi~ ve tri sO tuy¢t do1 nhé hon M.
Ta vié€t lai chudi (2) dudi dang:

2 n
X X X
a0+alx0(—j+a2x§ —J +...+anxg[—] +... (2%
XO XO XO

va xét chuoi cac tri tuyét doi cua chudi do:

2 n

+laxe| = o 3)

Xo

+...+

ENEEEP
0 110 XO

Cac s0 hang cua chuoi nay nhé hon cac s6 hang twong ing ctia chuoi sau:
2 n

- 4

X
+..+M|—
XO

X X
—|+M|—
XO XO

M+ M

Chudi (4) 1a chudi hinh hoc. Chudi nay hoi tu khi |-~ <1 tirc 1a [X| < [Xol.

0
Ttr do suy ra chudi (3) hoi tu. Piéu nay ching t6 chudi (2°) hoic chudi (2) hoi tu
tuyét doi. ‘ ’ N 7

i1) Pé chiing minh phan 2 cua dinh 1y, ta dat gia thiét: chuoi (2) phan ky tai diém
xac dinh xo . Khi 6 chudi phan ky tai moi diém x thoa |x| > [x¢/|. Vi néu ngudc
lai n6 hoi tu tai moi x thoa diéu kién d6 thi theo phan i) cta dinh 1y, né hoi tu tai
Xo' (Vi |X¢/| < |x[). Nhung diéu ndy mau thuin vé6i gia thiét chudi phan ky tai moi

Xo/ .

Vay chudi phan ky tai x. Dinh Iy dugc chirmg minh.
2.4 KHOANG HOI TU. BAN KiNH HQI TU CUA CHUOI LUY THUA
Dinh 1y Abel x4c dinh sy phin b cac diém hoi tu hodc phan ky cta chudi luy
thira. That vay, néu xo 1a diém hoi ty, thi tit ca cac diém trong khoang ma(- |Xol;
[Xo| ) 1& nhing diém hoi tu tuyét déi. Néu x¢ 1a diém phan ky thi nta duong
thang bén phai ciia [x¢/| va nira duong thang bén trdi cua - |X¢/| chira cac diém
phan ky.
Nhitng diéu phan tich trén ching t6 rang ton tai sé R sao cho cac diém |x| <R 1a
nhitng diém hoi tu tuyét ddi, va nhitng diém [x| > R 1 nhimng diém phanky.

2.4.1 Dinh ly 3: Tap hop nhirng diém héi tu ciia chudi luy thira la
khodng cé tam tai diém goc cia hé toa do.

2.4.2 Dinh nghia:
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Ta goi khoang hoi tu ctia chudi luy thira 1a khoang nam giira cac diém —R va
+ R, trong d6 chuoi hoi ty, dong thoi hoi tu tuyét doi, con nhiing di€ém ngoai
khoang d6 thi chudi phan ky.

S6 R duogc goi 13 ban kinh hi tu cta chudi luy thira.

Tai hai ddu mut cua khoang hoi tu ( tirc 1a diém x = -R va x = R) van dé hoi tu
hodc phan ky ctia chudi duoc nghién ciru riéng.

C6 nhitng chudi khoang héi tu chi gdm mot diém (R = 0 ), c6 nhitng chudi
khoang hoi tu la toan bd truc Ox (R = ).

Ta xét phuong phap xic dinh hdi tu ctia chudi luy thira

ap+aiX + ax® + ...+ ap X"+ ... (2)

Lap chudi gom cac tri tuyét ddi cua cac s6 hang ctia chudi (2):
+... (5)

Pé xac dinh sy hoi tu ctia chudi duong (5), ta ap dung tiéu chuan d’Alembert.

|a0|+|a1x|+‘a2x2‘+...+

a,x"

Gia s ton tai gidi han:

an+1xn+l
Cax"
Theo tiéu chuan d’Alembert, chudi (5) hoi tu khi L|x| <1, tic 1a khi [x| < 1/L va
phan ky khi L|x| > 1 tuc la khi [x| > 1/L.

Tir day suy ra rang, chudi (12) & bai 1 hoi tu tuyét ddi khi [x| < 1/L.

an+l

a‘n

= lim

n—oo

. u .
lim =L = [im

n—oo u n—o0
n

X = LX,

Néu [x| > I/L, lim Yo _ L|x|>1, chudi (5) phan ky, s6 hang tong quat ctia nd
n—o u

khong dan vé 0 khi n — . Trong khi d6 s6 hang tong quat cua chudi luy thira
(2) cling khong dan vé 0. Vay chudi luy thira (2) phan ky.

Do d6 ta di dén két luan rang khoang (-1/L; 1/L) 1a khoang hdi tu ctia chudi luy
thtra (12) & bai 1 . Vay ban kinh hoi tu cua chudi luy thira 1a:

Rzlzlim

L n—o0

a

n

(6)

n+1l
Bang cach tuong tu, ta co thé ap dung tiéu chuan Cauchy dé xac dinh khoang
hoi tu ctia chudi luy thira. Ta thu duoc:

1

" im a.| "

n—ow

Vidu 3:

1) Xac dinh khoang hdi tu ctia chudi:
1+X2+x3+ L +X+
Ap dung tiéu chudn d’ Alembert, ta thu dugc:

Xn+l

Xn :|X|'
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Chudi hoi tu néu |x| < 1 va phan ky néu [x| > 1.

Tiéu chuan d’Alembert khong cho két luan gi tai cac diém bién cua khoang
(-1; 1). Nhung ta thay rang chudi phin ky tai cac diém x=+1

2) Xac dinh khoang hoi tu cia chudi:

2 (297 (29° (29",

1 2 3 n
Ap dung tiéu chuin d’ Alembert, ta thu duoc:
(2X) n+l
lim [0+ — fim L|2x| =[2x].
n—o (2X)n n—oo|ln 41
n

Chudi hoi tu néu [2x| < 1 tic x| < % .
Chudi hoi tu tai x = % va phan ky tai x=- %.
3) Xac dinh khoang hoi tu cia chudi:
x> X X"
X+ttt —+....
20 3 n!
Ap dung tiéu chuan d’ Alembert, ta thu dugc:

n+1

X" nl
- | = lim
x"(n+l -

n+1

=0<1.

n—oo

Vay chudi hoi ty véi moi x.
4) Chubi
1+x+(2x)2%+ (3x)3+ ...+ (NX)" + ...
phan ky v&i moi x, trir x = 0 ( vi (nx)" — oo khi n — oo v&i moi x # 0.
2.5 CHUOI LUY THUA (x - a) )
2.5.1 Pinh nghia: Chuoi luy thtra (x — a) 1a chu6i ham c6 dang:

ao+ay (X —a) + a(x—a)2 + ... + ap (x—a)' + .. = Ya, (x-a)" (8)

trong do cac hing s6 ao, a, az...duoc goi la cac hé s6 cta chudi luy thtra.
Néu a =0 ta thu dugc chudi (12) ¢ bai 1, la truong hop riéng cua chuoi (8)
bé tim khoang hoi tu cua chuoi (8) ta doi bién (x-a) = X.

Chudi (8) c6 dang

atarX +aX2+ .. +ap X"+..= > aX" (8)
=1

1a chudi luy thira cta X.

Giai str ( -R; R) 1a khoang hoi tu ctia chudi (8) thi khoang hoi tu ctia chudi (8) 1a
(a-R;a+R). Va vi chudi (8 ) phan ky khi | X|> R nén chudi (8) phan ky khi
Ix-al > R, tuc 1a phan ky ngoai khoang (a - R; a + R).

Tom lai, khoang hi tu ctia chudi (8) 14 (a - R; a + R) va ¢6 tm tai diém a.

Vi du 4:

Tim mién hoi tu ctia chudi:
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X—2)+(xX—-2)2+ ...+ xX-2)"+ ...
bit (x — 2) = X ta thu duoc chudi
X+X2+ . +X"+ ...
Chudi nay hoi tu néu | X| < 1. Do dé chudi d4 cho hdi tu v6i moi x sao cho
1<x<3.
2.6 CAC TINH CHAT CUA CHUOI HOQI TU PEU VA CHUOI LUY
THUA
2.6.1 Dinh nghia sy hgi tu deu:
Chudi s6 iun (x) (*) dugc goi 1a hoi tu déu trén khoang (a; b) néu:
n=1

1) limS,(x)=S(x),trongdoé S, (X)=u,(X)+u,(X)+...4+u,(X)

n—oo

i) Ve>0,3N(e): Vn>N(e), thi[S, (X) - S(X) < &, Vx € (a;b)
2.6.2 Cac tinh chat ciia chudi hdi tu déu
Tinh chat 1: (Tinh lién tuc ciia tong cia chuoi)
Neéu un(x) lién tyc trén khoang (a; b), vdi moin =1, 2, 3, ... va chudi (*) hdi tu

déu trén khoang (a; b) thi tong S(x) (= Zw:un (x)) lién tuc trén khoang (a; b).
n=1

Tinh chat 2: (LAy dao ham ciia mdt chudi)

Néu tong S(x) = iun (x)lién tyc trén khoang (a; b) ; uy/(x) lién tuc trén khoang

n=1

(a; b) véimoin=1, 2, 3, ... va chudi iun’(x) hoi tu déu trén khoang (a; b) thi
n=1

/
(Zun(x)] =2u,' (%)
n=1 n=1
voi moi x € (a; b).
Tinh chat 3: (LAy tich phan ciia mét chudi )

Néu un(x) lién tuc trén khoang {a; b} va chudi D u,(x) hoi tu déu trén khoang
n=1

(a;b)} voimoin=1,2, 3, ... thi
© o b
Zun(x).dx:z_[un(x).dx.

n=1 n=14

D —— T

Nhan xét:
Vi su hoi tu cua chuoi luy thtra (n€u c6) 1a sy hoi tu déu trén mién hoi tu cua nd.

Cac téng S(x) = Zan(x—a)”( néu ton tai ) 1a moét da thire. Do d6 ta c6 cac tinh
n=1

chat sau day cua chudi luy thira:
Tinh chat 1°: (Tinh lién tuc cta tong cta chuoi luy thira)

Néu S(x) = > a,(x—a)" thi S(x) lién tyc trén mién hoi tu cua chudi
n=1

Zw:an(x—a)”
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Tinh chat 1>>: (Tinh lién tuc déu ciia tdng ciia chudi luy thira)
Néu S(x) = > a,(x—a)" thi S(x) lién tuc déu trén doan {a; b} thudc mién hoi tu
n=1
cua chudi
D a,(x-a)"
n=1

(trcla Ve>0,8(e):Vx, x'e[a;b], |x—X| VN<e)

Tinh chit 2°: (Lay dao ham ciia mét chudi luy thira)
/
Néu chudi > a,(x—a)" hoi tu thi (z a, (x— a)”] => na,(x-a)"*
n=1 n=1 n=1

v6i moi x mién hoi tu ciia chuoi > a, (x-a)".
n=1

Tinh chat 3: (Lay tich phan ciia mdt chudi )
Néu chudi i a,(x—a)" hoi tu thi

n=1

ian(x—a)”dx=i_b[an(x—a)”dx

n=1 n=1g4

D ey T

vo1 moi x €[a; b] thude mién hoi tu cta chudi Zan (x—a)".
n=1

Trong cac tinh chat 2’ va 3°, cac chudi & vé phai c6 cung ban kinh hoi tu voi
chudi ban dau i a,(x—a)".
n=1
2.7 CHUOI TAYLOR - CHUOI MACLAURIN:
2.7.1 Pinh nghia: Chudi Taylor ( Maclaurin) 1& chudi ham ¢6 duogc bing

cach khai trién Taylor ( Maclaurin ) ham sé f(x) nao d6 dén luy thira cip v6 han

lan
o0 f (n) © f (n) 0 n
Phan du tuong tng 1a
(n+1)
R, (x) = f( :f)cl)( X,)"™, ce(x,;x) hodc(x;x,)
(n+1)
R (X) = ﬁ(x)n+1 ,c(0;x) hoic(x;0)

2.7.2 Piéu kién ton tai khai trién thanh chudi Taylor (Maclaurin)
Piéu kién can va di dé ham sd f(x) co thé khai trién dugc thanh chudi Taylor
(Maclaurin) trong khoang (xo — R; Xo + R) 14 f(x) kha vi v6 han lan trong khoang
nay va phan du Rn(X) — 0 khi n — oo,

2.7.3 Mot s0 khai trién Maclaurin ciia cac ham co ban:
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n 2 3 n

(1) e* _;F_1+X+E+§+m+ﬁ+mvm moi x € R
Ny 20+ 3 5 _q\n 2+l
(2) sinx = Z( D _x- X %Jﬁ. voi moi x €R
(2n +1)! 3 2n +1)!
n 2n 2 4 n 2n
(3) cosx = Z( XX L (ED"x . voimoix €R
< (2n)! 2 4 (2n)!
0 2n+l 3 5 2n+1
(4) shx=>" x+ X X +...voimoix € R
£ (2n+1)! 3 5 (2n +1)!
0 2n 2 4 2n
(5) chx=>" X XX v X véimoix eR
Zon T A A (2n)!

a(a-1) 2 . ala-1)...a—-n+1) NN
2! nl

voix € [-1; 1] khi o> 0; voi x € (-1; 1] kKhi—-1 <o <0 va véix € (-1; 1) khi o
<-1;

(6) @+ x)“ :1+%x+

(6. 1)— i "X"=1-x+x*-x*+..voix € (-1; 1)

n=0

Z( DX =1-x*+x* —-x*+..voi x € (-1; 1)

n-1 n 2 3 n-1.,n
(7) In(1+x) = z( ) x—X?JrX?—...Jr(_l)n X 4. véix e (-1; 1}
( )n 2n+l _X_S X_S_ (_1)nX2n+1 . 1.
(8) acrtgx_z Xt et e Voix e [-1; 1]

Chuy: (6.1), 6.2) 1a truong hop riéng cua (6); con (7) la hé qua cua (6.1) va (8)
la hé qua cua (6.2).
2.8 CHUOI FOURIER
2.8.1 Pinh nghia: Chudi Fourier ciia ham f(x) trén doan [- ; ] 13 chudi

ham c6 dang:
f(x) = a_20 + Y (a,.cosnx+b,.sin nx)
n=1
trong do:
1 T
a, =— J' f(x)cosnx.dx, n=0,1,2,3,...
4 -

b, zijf(x)sin nx.dx, n=1,2,3, ...
ﬂ—;z

Piéu ki€n khai trién dwoc thanh chubi Fourier:
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2.8.2 Dinh ly (Pinh ly Dirichle)
Néu ham f(x) xac dinh trén doan [- m; 7] ¢6 hitu han cac cuc trj va lién tuc ting
khuc, ¢6 thé trir mot sb hitu han diém gian doan loai I ( trc 1a thoda man cac diéu
kién Dirichlé) thi chudi Fourier hoi tu vé f(x) tai moi diém thudc doan [- m; 7]
Néu S(x) 1a tong cua chudi (F) thi:

) S(x) = f(x) tai nhitng diém f(x) lién tuc.

i) S(X) = [f(x-0) + f(x+0)]/2 tai nhitng diém f(x) gian doan loai L.

)  S(n) = S(-n) = [f(n -0) + f(n+0)]/2.
Nhan xét:

Néu f(x) 1a ham chdn thi chudi (F) ¢6 dang: a, + > a,.cosnx,n=0,1,2,3,... trong
n=1
do

a, = EI f(x)cosnx.dx, n=0,1,2,3,...
42 0
Néu f(x) 12 ham 1¢ thi chudi (F) ¢ dang: D b,.sinnx, n=1,2,3,... trong d6
n=1

b, = Ej f(x)sinnx.dx, n=1,2,3,...
72-0

Truwong hop tong quat:
2.8.3 Pinh nghia: Chudi Fourier ctia ham f(x) trén doan [- L; L] 13 chudi

ham c6 dang:

&+Z(an.cosn—ﬂx+bn.sin n_;zx) (F)
2 n=1 L L

trong do:

a, :ljf(x)cos%dx, n=0,1,2,3,...
L) L

b, =1jf(x)sin%.dx, n=1,2,3,..
L) L

Néu f(x) chin thi by = 0 v&i moi n; Néu f(x) 1& thi ay = 0 v&i moi n.

2.8.4 Chudi Fourier ctia ham f(x) trén doan [0; L]
Néu ham f(x) cho trén doan [0; L], thi dé khai trién dugc thanh chudi Fourier, ta
thac trién ham f(x) sang ham F(x) trén doan [-L; L] mét cach tuy y. Piéu co ban
1a ham thac trién F(x) thoa min dinh 1y khai trién Fourier trén doan [L; L] va
F(x) = f(x) trén [0; L]. Sau d6 khai trién thanh chudi Fourier nhu 1 cac ham da
cho trén doan [-L; L].
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Thong thuong, ham thac trién thuan loi nhit 13 ham ma céac gia tri cia no trén
doan [-L; 0] tim duoc tir diéu kién f(x) = f(-x) hodc f(x) = - f(-X). Trong trudng
hop dau, ham f(x) trén doan [-L; L] 13 ham chén, trudng hop thir hai 1 ham 1é.
Khi d6 cac hé sé khai trién Fourier ctia ham nay ( a, trong trudng hop tht nhat,
b, trong trudng hop thir hai) duoc x4c dinh bang cac cong thic da chi ra ¢ trén
cho cac ham s6 chin va ham sé 1é.
2.8.5 Y nghia ciia khai trién chudi Taylor, Maclaurin, Fourier:
+ Khai trién Taylor, Maclaurin dugc stir dung trong cac bai toan tim gidi han,
tim cuc tri, ...
bac bi¢t dugc sir dung trong Giai tich s6 — mot trong nhiitng nganh hoc cta toan
hoc ung dung.
+ Khai trién Fourier 14 céng cu ctia Phuong trinh vat 1y toan va giai tich diéu
hoa. N6 con 14 co s& dé giai cac bai toan vé phan bd nhiét,...
2.8.6 Cac vi du vé khai trién Fourier:
Vi du 5: Khai trién Fourier cta ham f(x) = © + x cho trén doan [-; 7]
Do thi cia ham nay la doan ndi cac diém (-m; 0) va ( «; 2n). Hinh v€ 1 cho ta do
thi ham y = S(x), trong d6 S(x) 14 tong cta chudi Fourier ctia ham f(x) = 7 + X.
Téng nay 13 ham tudn hoan chu ky 27 14 tring v&i ham f(x) trén doan [-7; nt].

Ta can xac dinh cac hé so6 cua chuoi Fourier.

Ta co: a, = L j f (x)dx 1 I(;z+ X)dx =27 ;
T T
1% 17
a, =— I f (x)cosmxdx =— I(;z+ x)cosmxdx =0, Vvm=1,2,3,...
7[—7[ 7[—7[

b, = 1 j f (x) sin mxdx _1 j(ﬂ + X) sin mxdx zgjxsin mxadx
72'_” 72'_7[ T 0

2
zim

f 2
J'cos mxdx = ——cosmx +
m

omm

2X z
b = ——cosmx|0 +

N 2 sin mx|g = E(—1)m+l
7m 7

2

Vay khai trién Fourier ctia ham f(x) trén doan [-x; ] ¢6 dang:

o ( q\ym+l - . .
f(X)=x+x =7z+22—( 2 sinmx = 7 + 2(sin x> 2X + Sm33X _SII’]44X +..)
=1
Vi du 6: Tuong tu khai trién Fourier ctia ham f(x) = x trén [-7; ] ¢6 dang:
o ( q\ym+l - . .
F(X) = x = ZZﬁsin mx = 2(sinx— 5" 2x  sin3x _sin4x ‘)
m=1 m 2 3 4
Vi du 7: Khai trién Fourier ctia ham f(x) = x? trén doan [-1; 1].
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Ham dang xét 13 ham chin, dd thi ctia né 1a parabol nam giita cac diém (-1; 1) va
(1; 1) Oday L= 1, vivay:

2% z 2
a, =— | f(x)dx =2| x?dx ==;
0 L£ () j 3

4

2_2
m-z

D"

27 max .. o
a, _E_J;f(X)COST = Z_J;x cosmxdx =...=

Bé&1 vi ham dang xét 1a ham chan nén b, =0 vé1i moim .

Vay khai trién Fourier ctia ham f(x) trén doan [-1; 1] ¢6 dang:

2

f(x) = x> :%+izz(_l) coSmzx
T

m1 M
1 4 COS27X CO0S37X  COS4zX
= - ——COS/X — >+ — — -
3 2 3 4

Vi du 8: Tuong tu khai trién Fourier ctia ham f(x) = x? trén doan [-7; nt] ¢6 dang

2 w (M
f(x)=x2=”—+4z( 12 COoSmX
3 = m

2

T COS2X C0S3X c0s4x
= 3 4(cosx — + — +

22 32 42
Vi du 9: Khai trién Fourier ctia ham f(x) = x trén doan [0; 27].
Thac trién ham f(x) thanh ham F(x) trén [-2; 2x] nhu sau:

F(x) = f(x) véix e[0;2r]
|- f(=x) véixe[-27;0]

Khi d6 F(x) 1a ham 1¢ va thod min cac diéu kién cua dinh 1y Dirichlé vé khai

trién chuoi Fourier. Do d6 ta co:

1271' ) 1271' ) 2 .
b, :—If(x)3|n mxdx :—J'xsm mxdx =——, n=1,2,3,...;
T 0 T 0 T

127r 2r
a, =— jf(x)dx :dex =27
T 0 0

2z 2
a, :i I f (x)cosmxdx = Ixcosmxdx =0,n=1,2,3,...
4 0 0

Chudi Fourier cia ham f hoi tu vé& f(x) tai x € (0; 2m) va hoi tu vé [f(0) +
f2n)]/2=ntaix=0, x =2m.

Vay khai trién Fourier ctia ham f(x) = x trén doan [0; 2] c6 dang:

f(x)=x= 7z+2i%sin mx

m=1

sin2x sin3x sin4x
+ - +

=2(sinx —
3 4
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Vi du 10: Tuong tu khai trién Fourier cia ham f(x) = x? trén [0; 2] ¢ dang:

2

A = (cosmx Sinmx
f(x)=x%= +4§ -

m=1

Tai x = 0, x = 21 chuoi hoi tu vé 272,
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BAI TAP CHUONG 3
CHUOI SO - CHUOI HAM
A. Chudi s6

1. Xét su hoi tu cua chuoi so

n=0
d ie— n+l e i l
p “~nin?n

2. Xét su hoi tu cua chu()i sO

a. Z n+1 b i(zn_i_ljn
Z“":Zn 1 d. 22.5.8....(3n—1)

n:ln n=1 nl

o0 2n—l © enn|
f Z n g Z n

n-1 N n=1 N

2n-1 n
o0 o0 1
h, k. N+ .
Z(3n 1) Z(2n -1
3. Xét sy hoi tu cua cac chudi sé dan dau sau

- gl

~n-Inn

o 2 (5]
© n+l

d E(;?Hn

o 3
n=1

B. Chudi ham
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4. Tim mién hoi tu ciia chuo1 ham:

a. i(n+3)x"
n=0

- (L

s 2n +1

Z R

+1

5. Tim mién ho1 tu cia chudi ham:

X—3

a Z( b’ n+1( 2 j
2 1(x-4
o i)
)

;\/nz +6n+1
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